
Investigation of Co-Flow Jet Airfoil Mixing Mechanism

Using Large Eddy Simulation

Hong-Sik IM ∗, Ge-Cheng Zha†, Bertrand P.E. Dano‡

Dept. of Mechanical and Aerospace Engineering
University of Miami

Coral Gables, Florida 33124
E-mail: gzha@miami.edu

Abstract

This paper uses large eddy simulation (LES) to investigate Co-Flow Jet (CFJ) airfoil flows at
high angle of attack (AOA). The standard Smagorinsky model with Van Driest damping is employed
to resolve the subgrid scale stress. The 5th order WENO scheme is used for the reconstruction
of the inviscid flux and the 4th order central differencing for the viscous flux. The momentum
coefficient(Cµ) is chosen as a parameter to control the jet flow of the CFJ airfoil. LES simulations
were carried out for the different momentum coefficients. The LES results at 30o AOA are compared
with the experiment to understand the flow structure of the jet mixing and flow separation. The
numerically captured qualitative flow structures are very similar to those obtained in experiment.
The quantitative prediction of lift and drag agree very well with experiment.

1 Introduction

The CFJ flow control airfoil[1, 2, 3, 4] for lift enhancement and drag reduction is designed with an
injection slot near leading edge and a suction slot near trailing edge. The jet having high energy is
injected tangentially near leading edge and the same amount of mass flow is sucked in near trailing
edge to form a zero-net mass-flux flow control. The transport of energy from the jet to the main flow
allows the main flow to overcome a severe adverse pressure gradient and remain attached at high angle
of attack. The high energy jet induces high circulation and hence generates high lift. The energized
main flow fills the wake and therefore reduces drag. At low angle of attack, the drag reduction is often
so great that a thrust or negative drag is created. The CFJ airfoil appears to be a very promising flow
control technique to provide a drastic performance enhancement with the lowest energy expenditure[5].

One challenge for numerical simulation of CFJ flow control airfoil using Reynolds averaged Navier-
Stokes (RANS) model is that both CL and CD are significantly under-predicted at high angle of attack
when the jet is not strong enough and the flow is separated. Wang and Zha[6] improves the prediction at
high angle of attack by using Detached Eddy Simulation(DES), which is a hybrid turbulence modeling
using RANS near walls within boundary layers and large eddy simulation (LES) away from the walls.
However, the lift and drag are still significantly under-predicted.

LES is an intermediate approach between the direct numerical simulation (DNS) of turbulence flows
and the solution of RANS. DNS has largely been limited to simple geometries at low Reynolds number
since it requires grid points ≃ Re9/4 and times steps ≃ Re3/4 to resolve all scales of turbulence[7]. In
LES momentum and energy transfer of the large energy-carrying structures is computed directly and
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only the effect of the smallest scales of turbulence is modeled. A general model for small scale structures
is more plausible to obtain for LES.

LES has been used for airfoil stall flows[8, 9, 10]. For example, Moreau et al.[10] employed LES to
simulate the trailing edge flow and noise of NACA0012 airfoil at near stall. It is pointed out that RANS
fails to capture the stall point, while LES provides a more realistic behavior and qualitatively resolves
better the shear-layer and the von Karman instabilities[10].

Recently, the experiments of the CFJ airfoil was performed to investigate the CFJ airfoil mixing
process[11]. The flow visualization was achieved by using Digital Particle Image Velocimetry and also
the aerodynamic forces including lift and drag were measured. In this study LES is applied to simulate
the flow field of the CFJ airfoil experiment,which is AOA of 30o and the jet momentum coefficient(Cµ)
of 0.15. To better understand the jet effect, LES for lower Cµ = 0.08 is also performed.

The purpose of this research are two folds: 1) using LES to further improve the prediction of lift and
drag of CFJ airfoil at high angle of attack; 2)using LES to study the fundamental mixing mechanism
of the CFJ airfoil. A low diffusion E-CUSP scheme[12] is used with 5th order WENO reconstruction
scheme for the inviscid flux and 4th order central differencing for the viscous flux[13]. The standard
Smagorinsky model with Van Driest damping is used to model the subgrid-scale stress. The high
scalability parallel algorithm[14] is used. The lift and drag predicated by LES agree very well with the
experiment.

2 Spatially Filtered Compressible Navier-Stokes Equations

The spatial filtering eliminates the small scale high frequency components of the fluid motion, while
keeping the unsteadiness associated with the large scale turbulent motion. For an arbitrary function
u(xi, t), the filtered variable ū(xi, t) is defined as:

ū(xi, t) =

∫

D
G(xi − ξi, ∆)u(ξi, t)dξi (1)

where G is the filter function and ∆ is the filter width and is associated with the mesh size. Similar
to the case of RANS, for compressible flows, it is convenient to introduce the Farve-filtered variable
ũ(xi, t) as:

ũ(xi, t) =
ρu

ρ̄
(2)

A variable can be thus decomposed into its Favre-filtered component and fluctuating component as:

u(xi, t) = ũ(xi, t) + u′′(xi, t) (3)

Applying these definitions and following the derivation of Knight et al.[15], the filtered compressible
Navier-Stokes(NS) equations in Cartesian coordinates can be expressed as:

∂Q

∂t
+

∂E

∂x
+

∂F

∂y
+

∂G

∂z
=

1

Re
(
∂R

∂x
+

∂S

∂y
+

∂T

∂z
) (4)

where
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Q =




ρ̄
ρ̄ũ
ρ̄ṽ
ρ̄w̃
ρ̄ẽ




,E =




ρ̄ũ
ρ̄ũ2 + p̄

ρ̄ũṽ
ρ̄ũw̃

(ρ̄ẽ + p̄)ũ




,F =




ρ̄ṽ
ρ̄ṽũ

ρ̄ṽ2 + p̄
ρ̄ṽw̃

(ρ̄ẽ + p̄)ṽ




,G =




ρ̄w̃
ρ̄w̃ũ
ρ̄w̃ṽ

ρ̄w̃2 + p̄
(ρ̄ẽ + p̄)w̃




R =




0
τ̄xx + σxx

τ̄xy + σxy

τ̄xz + σxz

Qx




,S =




0
τ̄yx + σyx

τ̄yy + σyy

τ̄yz + σyz

Qy




,T =




0
τ̄zx + σzx

τ̄zy + σzy

τ̄zz + σzz

Qz




The overbar denotes a regular filtered variable as given in eq. (1), and the tilde is used to denote the
Favre filtered variable defined in eq. (2). In above equations, ρ is the density, u, v, w are the Cartesian
velocity components in x, y, z directions, p is the static pressure, and e is the total energy per unit mass.

The τ̄ is the molecular viscous stress tensor and is estimated as:

τ̄ij =
2

3
µ̃

∂ũk

∂x k
δij + µ̃(

∂ũi

∂xj
+

∂ũj

∂xi
), i, j = 1, 2, 3 (5)

The above equation is in the tensor form, where the subscript 1, 2, 3 represent the coordinates, x, y, z
and the Einstein summation convention is used. The molecular viscosity µ̃ = µ̃(T̃ ) is determined by
Sutherland law.

The σ is the subgrid-scale(SGS) stress tensor due to the filtering process and is expressed as:

σij = −ρ̄(ũiuj − ũiũj) (6)

The energy flux Q is expressed as:

Qi = ũj(τ̄ij + σij) − q̄i + Φi (7)

where Φ is the subscale heat flux:

Φi = −Cpρ̄(ũiT − ũiT̃ ) (8)

The q̄i is the molecular heat flux:

q̄i = −
µ̃

(γ − 1)Pr

∂a2

∂xi

where a =
√

γRT̃ is the speed of sound. The equation of state as a constitutive equation relating
density to pressure and temperature is defined as

ρ̄ẽ =
p̄

(γ − 1)
+

1

2
ρ̄(ũ2 + ṽ2 + w̃2) + ρk (9)

where γ is the ratio of specific heats, ρk is the subscale kinetic energy per unit volume.

ρk =
1

2
ρ̄(ũiui − ũiũi) = −

1

2
σii (10)
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The closure of equation (4) requires a model for the subgrid-scale stress, σij and heat flux, Φij . Most
subgrid scale models employ the eddy viscosity(µ̃t) approach to avoid solving additional equations.
In this study, the standard Smagorinsky model with Van Driest damping[16] is used to model the
subgrid-scale stress. With the Smagorinsky model, the eddy viscosity is written as

µ̃t = ρ̄Csl
2
√

2SijSij (11)

where Cs is the Smagorinsky constant, l is the model length scale. In this study, the value 0.2 was used
for Cs, and

l = (∆)1/3
√

(1 − exp(−y+/26))3

where ∆ is the volume of the cell. Sij is the rate-of-strain tensor.

In generalized coordinates(ξ, η, ζ), the governing Eq.(4) can be expressed as the following con-
servative form:

∂Q

∂t
+

∂E

∂ξ
+

∂F

∂η
+

∂G

∂ζ
=

1

Re

(
∂R

∂ξ
+

∂S

∂η
+

∂T

∂ζ

)
(12)

where Re is the Reynolds number. The conservative variable vector Q, the inviscid flux vectors E, F, G,
and the viscous fluxs R, S, T are expressed as

Q =
1

J




ρ̄
ρ̄ũ
ρ̄ṽ
ρ̄w̃
ρ̄ẽ




, E =




ρ̄U
ρ̄ũU + lxp̄
ρ̄ṽU + lyp̄
ρ̄w̃U + lz p̄


 , F =




ρ̄V
ρ̄ũV + mxp̄
ρ̄ṽV + myp̄
ρ̄w̃V + mz p̄


 , G =




ρ̄W
ρ̄ũW + nxp̄
ρ̄ṽW + nyp̄
ρ̄w̃W + nz p̄




R =




0
lkτ̄xk

lkτ̄yk

lkτ̄zk

lk (ũiτ̄ki − q̄k)




, S =




0
mkτ̄uxk

mkτ̄yk

mkτ̄uzk

mk (ũiτ̄ki − q̄k)




, T =




0
nkτ̄xk

nkτ̄yk

nkτ̄zk

nk (ũiτ̄ki − q̄k)




where U , V and W are the contravariant velocities in ξ, η, ζ directions, and defined as follows.

U = lt + l • V = lt + lxũ + lyṽ + lzw̃ (13)

V = mt + m • V = mt + mxũ + myṽ + mzw̃ (14)

W = nt + n • V = nt + nxũ + nyṽ + nzw̃ (15)

where lt, mt and nt are the components of the interface contravariant velocity of the control volume in
ξ, η and ζ directions respectively. l, m and n denote the normal vectors located at the centers of ξ, η
and ζ interfaces of the control volume with their magnitudes equal to the surface areas and pointing to
the directions of increasing ξ, η and ζ. J is the Jacobian of the transformation.

3 Implicit Time Integration

The time dependent governing equation (12) is solved using the dual time stepping method suggested
by Jameson[17]. A pseudo temporal term ∂Q

∂τ is added to the governing Eq. (12). This term vanishes
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at the end of each physical time step, and has no influence on the accuracy of the solution. An
implicit pseudo time marching scheme using line Gauss-Seidel line relaxation is employed to achieve
high convergence rate instead of using the explicit scheme as given by Jameson in [17]. The physical
temporal term is discretized implicitly using a three point 2nd order accuracy, backward differencing as
the following:

∂Q

∂t
=

3Qn+1 − 4Qn + Qn−1

2∆t
(16)

where n − 1, n and n + 1 are three sequential time levels, which have a time interval of ∆t. The
first-order Euler scheme is used to discretize the pseudo temporal term. The semi-discretized equations
of the governing equations are finally given as the following:

[(
1

∆τ + 1.5
∆t

)
I −

(
∂R
∂Q

)n+1,m
]
δQn+1,m+1

= Rn+1,m − 3Qn+1,m−4Qn+Qn−1

2∆t

(17)

where the ∆τ is the pseudo time step, and R is the net flux discretized in space. The Low Diffusion E-
CUSP (LDE) Scheme[18, 12] is used to evaluate the inviscid flux with the 5th order WENO scheme[19,
20] and the 4th order central differencing is used for the viscous flux[19, 20].

4 Boundary Conditions

Steady state freestream conditions are used for the upstream portion of the farfield boundary. The
Reynolds number based on freestream velocity and chord length is 1.19179 × 105. The freestream
Mach number tested in the experiment is 0.03, but the Mach number used in the computation is 0.05.
The reason is to avoid the convergence stiffness. The experiment indicates that all the non-dimensional
performance coefficients including lift and drag are insensitive to the Mach number in that Mach number
range. For downstream farfield boundary, the static pressure was specified as freestream value, and the
streamwise gradients of other variables were forced to vanish. The periodic boundary condition is used
in spanwise direction. The wall treatment suggested in [19, 20] to achieve the flux conservation by
shifting half interval of the mesh on the wall is employed. The no slip condition is employed on the
airfoil surface, for computing the flux F1/2 on the wall, there is

Gw =




ρV
ρuV + pηx

ρvV + pηy

ρwV + pηz

(ρe + p)V




w

=




0
pηx

pηy

pηz

0




w

and a third-order accuracy wall boundary formula is used to evaluate p|w,

pw =
1

6
(11p1 − 7p2 + 2p3)

At the injection cavity, total pressure and total temperature are specified, whereas the static pressure
is given at the suction cavity. To achieve zero net mass flux with the CFJ flow control, the mass flow
that exits the injection slot must equal the mass flow entering the suction slot. This is achieved by
adjusting the total pressure in the injection cavity and the static pressure in the suction cavity. The
process is iterated throughout the simulation until the desired value is reached. In the present LES
simulations, the difference of the mass flow rates for injection and suction is within 2%.
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5 LES Mesh

The CFJ airfoil modified from NACA6415 airfoil and tested by Dano et al.[11] is shown in Fig.1. The
chord length of the airfoil is 0.3048m and the design span is 0.5906. Fig. 2 and 3 show the LES mesh for
CFJ at 30o AOA. The computation mesh is constructed using the O-mesh topology in order to improve
the mesh quality around airfoil. The mesh points of 451 is placed around airfoil; total 301 points on
suction surface, 151 points on the pressure surface. 211 points were used to construct mesh normal
to the airfoil, and 61 points were placed in the spanwise direction. The farfield boundary locates 75
times chord from the CFJ center chord. The wing span(h) of 0.15 times chord(C) is used in this study.
Total mesh size is 7913835, and partitioned to 135 blocks for the parallel computation. To represent
accurately the turbulence structures in the near-wall region, the first grid point is modeled to satisfy y+

less than unity. By the same token, ∆x+ and ∆z+ are also less than 40 over the CFJ airfoil. ∆x and
∆z have almost equal size over the CFJ airfoil as presented in Fig. 4 since the isotropic mesh elements
are desirable for LES.

6 Jet Momentum Coefficient, Cµ

With the CFJ airfoil, Cµ is used as an important parameter for jet mass flow control. The jet
momentum coefficient, a dimensionless parameter that includes mass flow rate and jet velocity, is
defined as

Cµ =
ṁjVj

1
2
ρ∞V∞

2S
(18)

where ṁj is CFJ injection mass flow rate, Vj represents the injection jet velocity, the subscript ∞ denotes
freestream of the CFJ airfoil, and S is the airfoil planform area. In this paper two different momentum
coefficients, Cµ = 0.008 and Cµ = 0.15 are studied.

7 Lift and Drag Calculation

The momentum and pressure at the injection and suction slots produce a reactionary force, which is
automatically measured by the force balance in wind tunnel testing. However, for CFD simulation, the
full reactionary force is difficult to obtain unless the complete internal ducts of injection and suction are
simulated. Using control volume analysis, the reactionary force can be calculated using the flow param-
eters at the injection and suction slot opening surfaces[2]. Zha et al.[2] give the following formulations
to calculate the lift and drag due to the jet reactionary force for a CFD simulation. By considering the
effects of the injection and suction jets on the CFJ airfoil, the expressions for these reactionary forces
are given as[2]:

Fxcfj
= (ṁj1Vj1 + pj1Aj1) ∗ cos(θ1 − α) − γ(ṁj2Vj2 + pj2Aj2) ∗ cos(θ2 + α)

Fycfj
= (ṁj1Vj1 + pj1Aj1) ∗ sin(θ1 − α) + γ(ṁj2Vj2 + pj2Aj2) ∗ sin(θ2 + α)

(19)

where the subscripts 1 and 2 stand for the injection and suction respectively, and θ1 and θ2 are the
angles between the injection and suction slot’s surface and a line normal to the airfoil chord. α is the
angle of attack. γ denotes the suction coefficient; if no suction, then γ equals 0.

The total lift and drag on the airfoil can then be expressed as:

D = R′
x − Fxcfj

(20)
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L = R′
y − Fycfj

(21)

where R′
x and R′

y are the surface integral of pressure and shear stress in x (drag) and y (lift) direction
excluding the internal ducts of injection and suction. For the CFD simulation, the total lift and drag
are calculated using Eqs.(20) and (21).

8 Results and Discussion

For the unsteady LES simulation, the physical time step 0.025 with CFL number of 3 is applied. The
unsteady simulations start from the initial flow field using a few hundred steps of steady state calculation.
The residual is typically reduced by three orders of magnitude in each physical time step. In this paper,
LES is conducted for the flows at AoA=30◦ and Cµ =0.15 and 0.08. Under these conditions, the flows
are massively separated due to high angle of attack and weak co-flow jets. The mass flow between the
injection and the suction cavity is balanced within 2%. All the LES results presented in this paper are
plotted at the center span(0.075 h).

The lift and drag coefficient predicted by LES is plotted with the experiment in Fig. 5 and 6 for
Cµ = 0.15. The LES under-predicts the lift and drag coefficient by 7.8% and 1.7% respectively. This is
a remarkable improvement compared to the DES prediction of a separated CFJ airfoil flow with lift and
drag under-predicted by 22% and 64% [6]. The accurate prediction of the drag coefficient is particularly
significant since drag is usually more difficult to predict than lift.

Fig. 7 shows the instantaneous flow field for Cµ=0.08 and 0.15 with velocity magnitude contour
at t̄ = 550T predicted by LES. The massive flow separations are captured with the flow structures
qualitatively similar to the experimental flow visualization as shown in Fig. 8[11]. Contours of vorticity
at t̄ = 550T for Cµ = 0.08 and Cµ = 0.15 are shown in Fig. 9. Since vorticity is the fluid quantity that
stands for the degree of fluid particle rotation, high vorticity is observed in the coflow jet region due to
the flow mixing.

The time averaged and instantaneous flow field of the CFJ airfoil colored by velocity magnitude
for Cµ = 0.15 are shown in Fig. 10. The time averaged velocity vector field also predicts the up-
stream flow strip between two counter rotating vertical shear layer shown in Fig. 11 obtained from
the experiment[11]. LES predicts that the coflow jet is fully attached to the CFJ suction surface and
the flow in the outer shear layer is mixed into the coflow jet. The attached coflow jet as captured by
the flow visualization in Fig. 8 is not shown due to the difficulty in PIV measurement near the wall
boundary layer. The saddle point captured by the LES instantaneous velocity vector filed is located at
about same position as the experiment. In Fig. 12, the velocity vector indicates how the outer shear is
sucked into the attached coflow jet on suction surface.

The vorticity near the injection slot is illustrated in Fig. 13. Fig. 14 shows a large structure vortex
field using VDA(vortex detection algorithm) near leading edge of the CFJ airfoil. VDA suggested by
Graftiaux et al.[21] is used to describe the vortical structure of the flow field. The flow near the injection
slot predicted by the LES has similar vortical structure compared to the experiment.

Fig. 15 shows turbulent kinetic energy(k) near the CFJ airfoil injection slot for Cµ = 0.15 and
Cµ = 0.08. The kinetic energy for Cµ = 0.15 is stronger than Cµ = 0.08 due to the jet increase. Fig.
16 represents turbulent kinetic energy for Cµ = 0.15 obtained by the experiment. The experiment and
the LES at Cµ = 0.15 show high turbulent kinetic energy after the injection and in the upper strip of
the main flow.

Fig. 17, 18, and 19 show the distributions of turbulent kinetic energy at 0.15C, 0.75C, and 1 chord
downstream. The axial plane at 0.15C is located between the injection slot and the saddle point, and
at 0.75C is located around the suction slot near trailing edge. At 0.15C, turbulent kinetic energy for
Cµ = 0.15 is larger than Cµ = 0.08. However, intensity of turbulence kinetic energy for Cµ = 0.15
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becomes smaller than Cµ = 0.008 further downstream in the wake region. It indicates that when jet
momentum coefficient is increased, the wake flow turbulence intensity is decreased due to the smaller
separation region.

Fig. 20 shows the instantaneous streamlines in the shear flow mixing region with the attached coflow
jet. The shear flow does not mix with the coflow jet for Cµ = 0.08, resulting in less flow sucked into the
suction cavity. The mixed flow for Cµ = 0.15 is well sucked into the suction cavity.

Fig. 21, Fig. 22, and Fig. 23 represent the streamwise, shear, and lateral Reynolds stress at 0.25,
and 1 chord downstream for Cµ = 0.15 and Cµ = 0.08 respectively. Overall, the streamwise and shear
Reynolds stress are overall similar. However, the lateral Reynolds stress (v,v,) for Cµ = 0.15 is a little
larger than Cµ = 0.08.

9 Conclusions

The flow mixing under a large main flow separation of the CFJ airfoil at 30o AOA is investigated
using the LES. For the jet momentum coefficient of Cµ = 0.15, the LES simulation is compared with
the experiment. For comparison, LES for a smaller Cµ of 0.08 is also conducted. The present LES
accurately predicts lift and drag of the CFJ airfoil and shows high similarity of the flow structures
compared with the experiment. The LES predicts the upstream flow strip between two counter rotating
vertical shear layer and the saddle point observed in experiment. As a result of flow mixing, increased
jet intensity enhances mixing in the injection region and reduce the turbulence intensity in the wake
region.
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Figure 1: CFJ airfoil concept

Figure 2: LES mesh for the CFJ airfoil at 30o

AOA, total mesh = 7913835,
h(span)=0.15C(chord)

Figure 3: LES mesh around the CFJ airfoil at
30o AOA

Figure 4: LES mesh on the suction surface of
the CFJ airfoil at 30o AOA
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Figure 5: Predicted lift(CL) coefficients of the
CFJ airfoil at 30o AOA
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Figure 6: Predicted drag(CD) coefficients of the
CFJ airfoil at 30o AOA
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Figure 7: Instantaneous streamlines of the CFJ
airfoil with velocity magnitude contour

predicted by LES; AOA=30o, Cµ = 0.08(top),
Cµ = 0.15(bottom)

Figure 8: Instantaneous smoke visualization of
the CFJ airfoil by experiment; AOA=30o,

Cµ = 0.15(bottom)

Figure 9: Instantaneous vorticity of the CFJ
airfoil predicted by LES; AOA=30o,

Cmu = 0.08(top), Cmu = 0.15(bottom)
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Figure 10: Contours of velocity magnitude and
streamlines of the CFJ airfoil for Cµ = 0.15

predicted by LES; AOA=30o, time
averaged(top), Instantaneous(bottom)

Figure 11: Time average velocity field of the
CFJ airfoil by experiment; AOA=30o,

Cµ = 0.15

Figure 12: Instantaneous velocity vector near
the saddle point predicted by LES; AOA=30o,

Cµ = 0.15

Figure 13: Instantaneous vorticity near the
injection slot of the CFJ airfoil predicted by

LES; AOA=30o, Cµ = 0.15

Figure 14: Time averaged VDA(vortex
detection algorithm) field near the CFJ leading

edge by experiment; AOA=30o, Cµ = 0.15
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Figure 15: Contours of turbulent kinetic
energy(k) near the CFJ airfoil injection slot

predicted by LES; AOA=30o, Cµ = 0.08(top),
Cµ = 0.15(bottom)

Figure 16: Contours of turbulent kinetic
energy(k) near the CFJ airfoil injection slot

predicted by the experiment; AOA=30o,
Cµ = 0.15(bottom)
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Figure 17: Distributions of turbulent kinetic
energy(k) of the CFJ airfoil at 0.15C axial plane

predicted by LES
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Figure 18: Distributions of turbulent kinetic
energy(k) of the CFJ airfoil at 0.75C axial plane

predicted by LES

Figure 19: Distributions of turbulent kinetic
energy(k) of the CFJ airfoil at 1 chord

downstream predicted by LES
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Figure 20: Instantaneous streamlines indicating
mixing of the outer shear flow with the attached

coflow jet predicted by LES; AOA=30o,
Cmu = 0.08(top), Cmu = 0.15(bottom)
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Figure 21: Streamwise Reynolds stress of the
CFJ airfoil at 30o AOA predicted by LES
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Figure 22: Shear Reynolds stress of the CFJ
airfoil at 30o AOA predicted by LES
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Figure 23: Lateral Reynolds stress of the CFJ
airfoil at 30o AOA predicted by LES
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