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We present work on 3D hypersonic laminar flows of air around blunt
bodies with applied magnetic fields of various strengths. The air is heated
by a shock that can change its thermodynamic properties. We treat the
air both as a calorically perfect gas (chemically frozen) and as a real gas
in thermodynamic equilibrium. Due to the high temperature the thermo-
dynamic properties of the air are affected changes in specific heats due to
rotational and vibrational excitation, by molecular dissociation, ionization,
and other effects. We calculate the thermodynamic properties of the air
using the curve fitting method implemented in the TGAS FORTRAN sub-
routines. The hot air is partially ionized, but the electrical conductivity
of the air is low enough that we can use a low magnetic Reynolds number
MHD model. Our numerical method is based on the Low Diffusion E-CUSP
(LDE) scheme developed by Zha1 et al with a 5th order WENO scheme.

I. Introduction

In this paper we continue our work beyond the results presented in our previous paper,
Lee, Huerta, and Zha.2 Hypersonic vehicles generate shocks that can heat the air sufficiently
to partially ionize the air and create an electrically conducting plasma that can be studied
using the equations of single fluid magnetohydrodynamics (MHD). Introducing strong ap-
plied magnetic and electric fields into the flow could have beneficial effects such as reducing
heat damage, providing a sort of MHD parachute, and generating electric power or thrust
in the vehicle. Among the many authors that have done numerical simulations of steady
hypersonic MHD flows we mention here Bityurin, Lineberry, Potebnia, et. al.,3 Bityurin and
Bocharov,4 Bityurin, Zeigarnik and Kuranov,5 Fujino, Kondo and Ishikawa,6 MacCormack,7

and Hoffmann, Damevin, and Dietiker.8 The low diffusion E-CUSP (LDE) scheme with
a fifth order WENO scheme recently developed by Zha1 et al. is very good in resolving
flow fields with shock discontinuities. The purpose of this paper is to incorporate the low
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magnetic Reynolds number MHD model and the thermodynamics of high temperature air
to the above CFD algorithm so that it can be used to simulate hypersonic flows with MHD
effects. In this paper we compare results treating air as chemically frozen, neglecting all high
temperature real gas effects, with results obtained treating the air as a real gas in thermody-
namic equilibrium, whose thermodynamic properties are changed by the high temperature.
Realistic flows are turbulent, but in this paper the Reynolds number is low, so we only show
results for laminar flow.

II. Treatment of Real Gas Effects

The high temperature behind the hypersonic bow shock causes molecular dissociation,
chemical reactions, ionization, and other effects that change the equation of state and the en-
ergy equation of the gas. A complete treatment of this requires the inclusion of reaction rate
equations for each chemical species, the inclusion of rotational and vibrational energy equa-
tions, and other effects, possibly with the presence of two or even three distinct temperatures.
Here we simply assume that there is enough time for the gas to reach local thermodynamic
equilibrium, and we calculate the gas properties for air in chemical and thermodynamic
equilibrium using the the curve fitting method implemented in the TGAS FORTRAN sub-
routines developed by Srinivasan, Tannehill, and Weilmuenster,9 and Srinivasan, Tannehill,
and Weilmuenster.10 These subroutines give the pressure p and temperature T in terms of
an equivalent ratio of specific heats γ̃ in the form

γ̃ = γ̃(eint, ρ), p = ρeint(γ̃ − 1), T = T (p, ρ), (1)

where ρ and eint are the gas density and specific internal energy. In this abstract we use
Sutherland’s law to calculate the viscosity μ, and we take the electrical conductivity to be
constant in those parts of the flow that exceed a threshold temperature.

III. The MHD Model

Single-fluid magnetohydrodynamics (MHD) describes an electrically conducting but elec-
trically neutral fluid of density ρ, velocity u, pressure p, energy per unit mass e, viscosity
tensor ¯̄τ , and heat flux vector q. The electrical quantities are the magnetic field B, the
electric field E, the current density J, and the electrical conductivity σ, which may be a
scalar or a tensor, depending on the model. In principle σ should be calculated from an air
chemistry model, such as in Ref. [7], but in this abstract we assume that σ is given, and we
do not discuss the air chemistry. The plasma is taken to obey Ohm’s law

J = σ(E + u × B). (2)

The magnetic field is advanced in time using Faraday’s law

∂B

∂t
= −∇× E. (3)

The Ampère-Maxwell equation, which could be used to advance E is

μ0ε0
∂E

∂t
= ∇× B − μ0J. (4)
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However, MHD describes low frequency phenomena, in which the conduction current is much
greater than the displacement current, that is,

J � ε0
∂E

∂t
. (5)

The displacement current is therefore neglected and we use the pre-Maxwell equation

μ0J = ∇× B, (6)

which gives J in terms of B. This means that E is not advanced in time, but is obtained
in terms of B using Eqs. [2] and [6]. As a consequence of this, MHD cannot describe the
usual type of high frequency electromagnetic waves. However, MHD does describe three
interesting types of waves known as the Alfvén wave and the fast and slow magneto-acoustic
waves. E can be eliminated from Eq.(3) and we rewrite it as

∂B

∂t
= −∇× (

J

σ
− u × B) = ∇× (u × B) +

1

μ0σ
∇2B, (7)

which is the equation that advances B in time, and can be written in conservation form as

∂B

∂t
+ ∇ · (u ⊗ B − B ⊗ u) =

1

μ0σ
∇2B. (8)

The fluid quantities ρ,u, and e are advanced in time using the usual conservation of mass,

∂ρ

∂t
+ ∇ · (ρu) = 0, (9)

conservation of momentum,

∂(ρu)

∂t
+ ∇ · (ρu ⊗ u) = −∇p + ∇ · ¯̄τ + J × B, (10)

which now includes the magnetic force density J × B, and finally e is advanced with the
equation of conservation of energy,

∂

∂t
(ρe) + ∇ ·

[
(ρe + p)u

]
= −∇ · q + ∇ · (¯̄τ · u) + E · J. (11)

This equation is rewritten using Eq. [2] as

∂

∂t
(ρe) + ∇ ·

[
(ρe + p)u

]
= −∇ · q + ∇ · (¯̄τ · u) +

J2

σ
+ (J × B) · u. (12)

The system is closed by giving appropriate expressions for e, ¯̄τ ,q, and σ in terms of the other
quantities. The specific energy e is given by

e = eint +
1

2
u2, (13)

and the pressure is obtained using

eint =
p

(γ̃ − 1)ρ
, (14)

where eint is advanced using Eq. [12], and γ̃, which equals 1.4 for chemically frozen air, is cal-
culated using Eqs. [1] from the curve fitting method for air in chemical and thermodynamic
equilibrium. In Eqs. [10], [11] and [12], J can be eliminated using Eq. [2].
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IV. The Full MHD Model and the Low Magnetic Reynolds
Number Approximation

The flow around a hypersonic vehicle causes a bow shock that heats the air enough to
give it some electrical conductivity. We are interested in describing steady hypersonic flow
around a vehicle that carries a magnet that applies a strong steady magnetic field Ba to the
flow with the intention of reducing surface heating and increasing the drag force in a sort of
MHD parachute. The drag force increases because the integral of J×B over the fluid volume
appears as a reaction force on the magnet. In this paper we have not included a calculation
of this reaction force. The vehicle may also have conductors on its surface arranged so as to
generate electrical power by extracting energy from the flow. The vehicle might also have a
steady source of Emf, Ea, and apply a strong electric field Ea, such as in a nozzle, to produce
MHD thrust. We think of Ba and Ea as independent of time in the reference frame of the
vehicle. The total magnetic and electric fields in the plasma, B = Ba +Bi and E = Ea +Ei

are the sum of the applied and induced fields. The applied fields have zero divergence and
curl inside the flow field.

The full MHD model presented in Section III advances in time the eight-dimensional flux
vector [ρ, ρu, ρv, ρw,Bx, By, Bz, ρet], where u, v, and w are the x, y, and z components of u,
using Eqs. [9], [10], [12], and [8] in conservation form. The full MHD 8-dimensional problem
is conceptually clear, because only the magnetic field is advanced in time. The current J is
obtained from the magnetic field using Eq. [6]. Finally the electric field is calculated using
the boundary conditions, knowing its curl from Eq. [3], and its divergence from requiring
that Eq. [2] be compatible with ∇·J = 0. Several authors have treated the full 8-dimensional
problem. For example, a nozzle problem with a generator section to extract power from the
incoming flow, and an accelerator section to produce thrust, using a tensor conductivity was
treated in Ref. [7]. Ref. [8] also used the full 8-dimensional MHD model to treat flows
around a flat plate and around a blunt body with zero electric field.

The ionized air produced in the hypersonic flow is a poor electrical conductor. Therefore
the electrical current J induced in the plasma is small. The magnetic field Bi generated
by the plasma current is much smaller than the applied field, and diffuses in a fast time
scale, which complicates the numerical simulations. This allows the use of a low magnetic
Reynolds number approximation. When expressed in dimensionless variables, the electrical
conductivity σ enters the problem via the magnetic Reynolds number

Rem = μ0σUrefLref , (15)

where Uref and Lref are appropriate reference values of speed and length in the problem.
When Rem is small it is possible to treat the problem in a low Rem approximation, which
neglects the fields Bi and Ei induced by the plasma. In this model only the five fluid
quantities in the five-dimensional flux vector [ρ, ρu, ρv, ρw, ρe] need to be advanced in time
using Eqs.[9], [10], and [12], with MHD source terms proportional to J. Refs. [3] - [6] used the
low Rem approximation to study interesting effects, such as the MHD parachute and MHD
power generation. MacCormack11 showed that the full MHD solution agrees with the low
Rem solution for flow in a thrust producing nozzle for Rem = 0.17. Damevin and Hoffmann?

compared the full MHD solution including air chemistry with the low Rem approximation in
flows over a hemisphere and a cylinder. Khan, Hoffmann and Dietiker12 used the full MHD
model to treat flows with zero electric field around a flat plate and a blunt body and tested

4 of 18

American Institute of Aeronautics and Astronautics



for agreement between the solutions of the full MHD model and the low Rem approximation.
They obtained good agreement for values of Rem < 0.125.

To understand the validity of the low Rem approximation we can think in terms of a sort
of singular expansion in the small parameter Rem. From Eq. [2] we see that the current is
proportional to σ, so J is O(Rem), and from Eq. [6] we see that Bi is also O(Rem). The
1/(μ0σ) term in Eq. [7] does not change the order of Bi, but rather it makes Bi diffuse in a
short time scale, which complicates the numerical simulations. There are at least two time
scales in the problem. First, we have tU = Lref/Uref . There is also a magnetic diffusion
fast time scale, tD = tU ∗ Rem � tU . Then there are two dimensionless times t∗1 = t/tU and
t∗2 = t/tD. The field Bi depends on the two dimensionless times, Bi(t,R) = Bi(t

∗
1, t

∗
2,R).

Then the derivative of Bi with respect to time looks like

∂Bi

∂t
=

∂Bi

∂t∗1

∂t∗1
∂t

+
∂Bi

∂t∗2

∂t∗2
∂t

=
∂Bi

∂t∗1

1

tU
+

∂Bi

∂t∗2

1

tD
=

1

tU

(
∂Bi

∂t∗1
+

∂Bi

∂t∗2

1

Rem

)
. (16)

The last term in Eq. [16] is balanced against the 1/(μ0σ) in Eq. [7], and Bi remains of
O(Rem). A formal power series expansion of J and B in powers of Rem would be

J = RemJ(1)(t∗1) + Re2
mJ(2)(t∗i , t

∗
2) + ..., Bi = RemB

(1)
i (t∗1) + Re2

mB
(2)
i (t∗1, t

∗
2) + ... (17)

Therefore the source terms in Eqs. [9], [10], and [12] are accurately kept through order
O(Rem) by writing

J × B ≈ J × Ba, where ∇× Ba = 0. (18)

In contrast to the full MHD model, where one would use Eq. [6] to get J from Bi, in the
low Rem approximation we must use Ohm’s law Eq. [2], which to lowest order becomes

J ≈ σ(E(0) + u × Ba) ≡ RemJ(1). (19)

But there still remains the problem of determining what is the lowest order electric field
E(0). From Eq. [3] we see that ∇ × E = O(Rem), therefore we take E(0) = −∇φ(0). From
Eq. [6] we see that ∇ · J = 0 to all orders in Rem, so that Eq. [19] gives

∇2φ(0) = −∇ · (u × Ba) − (−∇φ(0) + u × Ba) ·
(∇σ

σ

)
, (20)

which must be solved subject to the appropriate boundary conditions. So, in general, one
must solve this elliptic equation at each time step to get J from E(0), and use that to
advance u and ρe. The above expansions are not quite the same as doing a formal power
series expansion in Rem because in the low Rem approximation the fluid quantities u, ρ, p,
etc. are

u = u(0) + Remu(1), ρ = ρ(0) + Remρ(1) p = p(0) + Remp(1). (21)

The order O(Rem) terms are kept in the fluid quantities in order to see the plasma effects
upon things like the location and strength of shocks. The orders of things are somewhat
mixed up because what we called φ(0) in Eq. [20] contains u, which contains effects of
O(Rem). Fortunately there are interesting problems in which the electric field is simple. In
a problem of three dimensional flow with cylindrical symmetry, where uπ = Bφ = 0 and
∂/∂φ = 0, Eq. [6] implies that J = Jφ(r, z)êφ, and Eqs. [2] and [3] imply that E(0) =
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E
(0)
φ (r, z)êφ = 0, as in Tomoyuki.13 In the problem of two dimensional steady flow past a

flat plate treated in Khan,12 uz = Bz = 0 and ∂/∂z = 0. Then one has a current in the
ignorable direction Jz(x, y), and the electric field can be taken as E = 0 if the current has a
return path of zero resistance outside the plasma. Say that the plasma has a length Lz in
the z direction. If the current has a return path located outside the plasma of resistance R,
the voltage across the plasma will be V = iR = EzLz, where the total current i is

i =
∫

Jzdxdy =
∫

σ(u × B)zdxdy. (22)

If the return path not only has a resistance R, but also an applied emf Ea acting in the
opposite direction of (u × B)z, then the electric field in the plasma would be the constant
field

E = −Ea + iR

Lz

ẑ. (23)

V. The Governing Equations of a Three-dimensional Low Rem

Approximation

We use a generalized coordinate system

ξ(x, y, z), η(x, y, z), ζ(x, y, z) with Ja =
∂(ξ, η, ζ)

∂(x, y, z)
, (24)

where Ja is the Jacobian determinant of the transformation of variables. We use the low
diffusion E-CUSP (LDE) scheme developed by Zha, Shen, and Wang.1 The governing equa-
tions are the laminar 3D Navier - Stokes equations due to the low reynolds number. Eqs.[9],
[10], and [12] are as follows. In this abstract we only treat laminar flow. In the future we
will include the Baldwin - Lomax turbulence model.

∂Q

∂t
+

∂E

∂ξ
+

∂F

∂η
+

∂G

∂ζ
=

1

Re

(
∂R

∂ξ
+

∂S

∂η
+

∂T

∂ζ

)
+ SMHD. (25)

The flux vector is

Q =
1

Ja

[ ρ, ρu, ρv, ρw, ρe ]T , where ρe =
p

(γ − 1)
+

1

2
(u2 + v2 + w2), (26)

and where u, v and w are the x, y and z components of the fluid velocity. The vector SMHD

contains the MHD source terms,

SMHD =
1

Ja

[ 0, (J × Ba)x, (J × Ba)y, (J × Ba)z, E · J ]T (27)

where
J = σ(E + u × Ba), (28)

and E = −∇φ(0) is determined by solving Eq. [20] at each time step using the boundary
conditions. We note that E · J can be rewritten as

E · J =
J · J
σ

+ (J × Ba) · u. (29)
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However, in the geometries we treat here, the electric field is actually zero. We introduce
the vectors l, m, n. These are the normal vectors on ξ, η, ζ surfaces with their magnitudes
equal to the elemental surface area and pointing to the directions of increasing ξ, η, ζ,

l =
∇ξ

Ja

ΔηΔζ, m =
∇η

Ja

ΔξΔζ, n =
∇ζ

Ja

ΔξΔη. (30)

lt, mt, nt stand for the grid moving velocities and are defined as

lt =
ξt

Ja

ΔηΔζ, mt =
ηt

Ja

ΔξΔζ, nt =
ζt

Ja

ΔξΔη (31)

When the grid is stationary, lt = mt = zt = 0. Since Δξ = Δη = Δζ = 1 in the current
discretization, Eqs.(30) and (31) are written as the following in the solver,

l =
∇ξ

Ja

, m =
∇η

Ja

, n =
∇ζ

Ja

, (32)

and

lt =
ξt

Ja

, mt =
ηt

Ja

, nt =
ζt

Ja

. (33)

The matrices E, F, and G are

E =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ρU

ρuU + lxp

ρvU + lyp

ρwU + lzp

(ρe + p) U − ltp

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, F =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ρV

ρuV + mxp

ρvV + myp

ρwV + mzp

(ρe + p) V − mtp

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, G =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ρW

ρuW + nxp

ρvW + nyp

ρwW + nzp

(ρe + p) W − ntp

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (34)

In the equations above, U , V and W are the contravariant velocities in the ξ, η and ζ
directions,

U = lt + l · V = lt + lxu + lyv + lzw

V = mt + m · V = mt + mxu + myv + mzw

W = nt + n · V = nt + nxu + nyv + nzw,

(35)

where V = (u, v, w) is the velocity vector. The viscosity and heat conduction flux vectors
R,S, and T are

R =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

lkτxk

lkτyk

lkτzk

lkβk

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, S =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

mkτxk

mkτyk

mkτzk

mkβk

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

nkτxk

nkτyk

nkτzk

nkβk

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (36)

where
βk = uiτki − qk. (37)

The shear-stress τik and total heat flux qk in Cartesian Coordinate can be expressed as

τik = μ

[(
∂ui

∂xk

+
∂uk

∂xi

)
− 2

3
δik

∂uj

∂xj

]
, and (38)
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qk = −
(

μ

Pr

)
∂T

∂xk

(39)

where, Pr is the Prandtl number, and μ is the molecular viscosity determined by Sutherland’s
law. In eqs.(36), (37), (38) and (39), the repeated subscripts i or k represent the coordinates
x, y and z following the Einstein summation convention. Eqs.(38) and (39) are transformed
to the generalized coordinate system in the computation.

VI. The Numerical Scheme

The inviscid fluxes are evaluated using the LDE scheme of Ref. [1] and the fifth order
WENO scheme given below. The viscous terms are discretized using a 2nd order central
differencing scheme.

VI.A. The Low Diffusion E-CUSP (LDE) Scheme

The basic idea of the E-CUSP scheme is to split the inviscid flux into the convective flux
Ec and the pressure flux Ep. In a generalized coordinate system, the flux E can be split as
follows

E = Ec + Ep =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

ρU

ρuU

ρvU

ρwU

ρeU

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0

lxp

lyp

lzp

pU

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, where U = lxu + lyv + lzw. (40)

The convective term, Ec is evaluated following the Edward’s H-CUSP (enthalpy-CUSP)
LDFSS14,15(low-diffusion-flux-splitting-scheme) ,

Ec = ρU

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1

u

v

w

e

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

= ρUf c, f c =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1

u

v

w

e

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (41)

Let

C = c
(
l2x + l2y + l2z

) 1
2 (42)

where c =
√

γRT is the speed of sound. Then the convective flux at interface 1
2

is evaluated
as:

Ec
1
2

= C 1
2

[
ρLC+f c

L + ρRC−f c
R

]
, (43)

where, the subscripts L and R represent the left and right hand sides of the interface.
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The interface speed of sound is

C 1
2

=
1

2
(CL + CR) . (44)

The following relations are borrowed from Edwards LDFFS scheme14,15 to express the
formulations from −∞ < M < ∞,

C+ = α+
L (1 + βL) ML − βLM+

L − M+
1
2

, C− = α−
R (1 + βR) MR − βRM−

R + M−
1
2

,

ML = UL

C 1
2

, MR = UR

C 1
2

, αL,R = 1
2
[1 ± sign (ML,R)] , βL,R = −max [0, 1 − int (|ML,R|)] ,

M+
1
2

= M 1
2

CR+CLΦ
CR+CL

, M−
1
2

= M 1
2

CL+CRΦ−1

CR+CL
, Φ =

(ρC2)
R

(ρC2)L
, M 1

2
= βLδ+M−

L − βRδ−M+
R ,

M±
L,R = ±1

4
(ML,R ± 1)2 , and δ± = 1

2

{
1 ± sign

[
1
2
(ML + MR)

]}
.

(45)
The pressure flux, Ep is evaluated as

Ep
1
2

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0

p lx
p ly
p lz
pU

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

(D+
LpL + D−

RpR) lx
(D+

LpL + D−
RpR) ly

(D+
LpL + D−

RpR) lz
C 1

2
(S+

L pL + S−
RpR)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (46)

where,

D±
L,R = [α (1 + β) − βP±]L,R. (47)

The pressure splitting coefficient is:

P±
L,R =

1

4
(ML,R ± 1)2 (2 ∓ ML,R) . (48)

For the pressure term in the energy equation, the contravariant speed of sound C is
consistent with U and is calculated as:

C = C − lt, with S±
L,R = [ᾱ± (

1 + β̄
)
M − β̄M̄ ]L,R, and where M̄ =

U

C
. (49)

ᾱ and β̄ are evaluated based on M̄ using the formulations given in eq. (45). The use of U , C
and M̄ in the pressure term for the energy equation is to take into account the grid speed so
that the flux will transit from subsonic to supersonic smoothly. When the grid is stationary,
lt = 0, C = C, U = U .

The LDE scheme can accurately resolve wall boundary layer profiles, capture crisp shock
profiles and exact contact surfaces1 with low diffusion.
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VI.B. The Weighted Essentially Non-oscillatory (WENO) Scheme16

The fifth-order accurate WENO (r = 3) reconstruction of uL and uR can be written as

uL
i+1/2 = ω0q0 + ω1q1 + ω2q2

where

q0 =
1

3
ui−2 − 7

6
ui−1 +

11

6
ui, q1 = −1

6
ui−1 +

5

6
ui +

1

3
ui+1, q2 =

1

3
ui +

5

6
ui+1 − 1

6
ui+2

and

ωs =
αs

α0 + · · · + αr−1

, αs =
Cs

ε + ISs

, k = 0, · · · , r − 1, C0 = 0.1, C1 = 0.6, C2 = 0.3,

IS0 =
13

12
(ui−2 − 2ui−1 + ui)

2 +
1

4
(ui−2 − 4ui−1 + 3ui)

2,

IS1 =
13

12
(ui−1 − 2ui + ui+1)

2 +
1

4
(ui+1 − ui−1)

2,

and

IS2 =
13

12
(ui − 2ui+1 + ui+2)

2 +
1

4
(3ui − 4ui+1 + ui+2)

2

where, ε = 10−2 is used following the recommendation in Shen, Wang, and Zha.17 The uR

is reconstructed following the symmetry rule as that to the uL at interface i + 1/2. In this
paper, the WENO scheme described above is used to evaluate the conservative variables
with 5th order accuracy. The interface flux is then approximated with 5th order accuracy
based on the approximate Riemann solver of the implicit flux.

VII. The Discretization of Viscous Terms

A fully conservative fourth-order accurate finite central differencing scheme developed
in18,19 is employed for the viscous terms. For examples

∂R

∂ξ
|i = R̃i+1/2 − R̃i−1/2, where (50)

R̃i−1/2 =
1

24Δξ
(−Ri+1/2 + 26Ri−1/2 − Ri−3/2), Ri−1/2 = [(ξxτxx) + (ηyτxy) + (ζzτxz)]i−1/2 ,

(51)

and (τxx)i−1/2 = μ|i−1/2{4
3

[
(ξx

∂u
∂ξ

)|i−1/2 + (ηx
∂u
∂η

)|i−1/2 + (ζx
∂u
∂ζ

)|i−1/2

]
−2

3
[(ξy

∂v
∂ξ

)|i−1/2 + (ηy
∂v
∂η

)|i−1/2 + (ζy
∂v
∂ζ

)|i−1/2

(ξz
∂w
∂ξ

)|i−1/2 + (ηz
∂w
∂η

)|i−1/2 + (ζz
∂w
∂ζ

)|i−1/2]}
(52)

To achieve strict 4th-order accuracy, Eqs.(51)-(52) must be used. For interface I =
i − 3/2, i − 1/2, i + 1/2, the following formulas must be adopted.

μI =
n∑

l=m

CI
l μi+l, m = −2, n = 1,

∂u

∂ξ
|I =

1

Δξ

s∑
l=r

DI
l ui+l, r = −3, n = 2, (53)
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∂u

∂η
|I =

n∑
l=m

CI
l

∂u

∂η
|i+l,j, m = −2, n = 1, and

∂u

∂η
|i,j =

1

Δη

q∑
l=p

Cc
l ui,j+l, p = −2, q = 2.

(54)
The other terms are determined similarly. By choosing different ranges for (m, n), (r, s), (p, q)
and different coefficients CI

l , DI
l , C

c
l , one can obtain the different order accuracy of the viscous

terms. In this paper, we take (m, n) = (−2, 1), (r, s) = (−3, 2), and (p, q) = (−2, 2), then
μI ,

∂u
∂η
|I , ∂u

∂η
|i,j achieve fourth-order accuracy, and ∂u

∂ξ
|I achieve fifth-order accuracy.18 The

coefficients CI
l , DI

l , C
c
l are given in Tables 1-3.

Table 1. The coefficients of CI
l

I CI
−2 CI

−1 CI
0 CI

1

i − 3/2 5/16 15/16 -5/16 1/16

i − 1/2 -1/16 9/16 9/16 -1/16

i + 1/2 1/16 -5/16 15/16 5/16

Table 2. The coefficients of DI
l

I DI
−3 DI

−2 DI
−1 DI

0 DI
1 DI

2

i − 3/2 71/1920 -141/128 69/64 1/192 -3/128 3/640

i − 1/2 -3/640 25/384 -75/64 75/64 -25/384 3/640

i + 1/2 -3/640 3/128 -1/192 -69/64 141/128 -71/1920

Table 3. The coefficients of Cc
l

Cc
−2 Cc

−1 Cc
0 Cc

1 Cc
2

1/12 -8/12 0 8/12 -1/12

VII.A. Implicit Time Integration

In the current work, the finite difference method is used to discretize the governing equations
for a steady state solution. To achieve high convergence rate, the implicit time marching
scheme is used with the unfactored Gauss-Seidel line relaxation. To enhance diagonal dom-
inance, the first order Euler method is used to discretize the temporal term

ΔV
Δt

(Qn+1 − Qn) +
(
Ei+ 1

2
− Ei− 1

2

)n+1
+

(
Fj+ 1

2
− Fj− 1

2

)n+1
+

(
Gk+ 1

2
− Gk− 1

2

)n+1

= 1
Re

[(
Ri+ 1

2
− Ri− 1

2

)n+1
+

(
Sj+ 1

2
− Sj− 1

2

)n+1
+

(
Tk+ 1

2
− Tk− 1

2

)n+1
+ DnΔV

]
+ Sn

MHDΔV.

(55)
where n and n + 1 are two sequential time levels with a time interval of Δt. A first-order
Taylor expansion for the n + 1 time level is used for all inviscid and viscous terms above.
The discretized equations are given as the following
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ΔQn+1
i,j,k + A+ΔQn+1

i+1,j,k + AΔQn+1
i,j,k + A−ΔQn+1

i−1,j,k + B+ΔQn+1
i,j+1,k + BΔQn+1

i,j,k

+B−ΔQn+1
i,j−1,k + C+ΔQn+1

i,j,k+1 + CΔQn+1
i,j,k + C−ΔQn+1

i,j,k−1 = RHSn,
(56)

where RHSn is the summation of all the terms on the right hand side (RHS) of the equation,
and

RHSn = Δt
ReΔV

{[(
Rn

i+ 1
2

− Rn
i− 1

2

)
+

(
Sn

j+ 1
2

− Sn
j− 1

2

)
+

(
T n

k+ 1
2

− T n
k− 1

2

)]

−
[(

En
i+ 1

2

− En
i− 1

2

)
+

(
F n

j+ 1
2

− F n
j− 1

2

)
+

(
Gn

k+ 1
2

− Gn
k− 1

2

)]}
+ 1

Re
DnΔt + Sn

MHDΔt.

(57)
The Gauss-Seidel line relaxation is applied on each direction respectively and is swept

forward and backward once within each physical time. For example, if the sweeping is in the
i direction from smaller index to larger one, Eq. [56] will be

B−ΔQn+1
i,j−1,k + B̄ΔQn+1

i,j,k + B+ΔQn+1
i,j+1,k = RHS ′ (58)

where, B̄ = I + A + B + C. The terms in the neighboring cells in the i and k directions are
absorbed into RHSn as RHS ′,

RHS ′ = RHSn − A+ΔQn
i+1,j,k − A−ΔQn+1

i−1,j,k − C+ΔQn
i,j,k+1 − C−ΔQn+1

i,j,k−1 (59)

The unfactored implicit Gauss-Seidel line relaxation employed in this paper is significantly
more efficient than the LU-SGS implicit scheme.20

VIII. Mach 10 equilibrium and chemically frozen 3D MHD flow
over hemispherical blunt body

We present our results for Mach 10 hypersonic flow around a hemispherical blunt body for
both chemically frozen and chemical equilibrium air at an altitude of 60 km. The hemisphere
has a radius of 1 cm, the same as in the paper by Damevin and Hoffmann.21 Our simulations
use a 1st order MUSCL scheme combined with van Leer flux vector splitting on the implicit
left hand side. On the right hand side we apply the 5th order WENO E-CUSP scheme. The
reader should notice that in our formulation the so called RHS contains both inviscid and
viscous fluxes. We have studied Mach 5 flow under the same conditions and we have found
that there is not much difference between the behavior of chemically frozen and chemical
equilibrium air, and that the temperature does not rise enough to produce a significant
electrical conductivity.The left panel of Fig. [1] shows the 3D grid used for the hemispherical
blunt body. The outer region is divided into 32 blocks of 64x64x4 x-y-z cells each that go to
32 processors. The inner region at the tip of the body, shown magnified in the right panel,
is divided into 4 blocks of 64x16x16 cells each that go to 4 processors. Figs. [2] and Fig.
[3] compare the the chemically frozen air pressure and temperature along the stagnation
streamline, and along a radial line at 45◦ from the flow direction for different grid densities.
The results agree very well, and we have settled on the grid of Fig. [1] for the the presentation
of our other results. The simulation parameters correspond to an altitude of 60 km, with
a temperature T∞ = 247 K, pressure p∞ = 21.96 Pa, density ρ∞ = 3.097 × 10−4 kg/m3,
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Figure 1. Views of the grid for the symmetric blunt body. Axes in meters.

Figure 2. Frozen air pressure profiles for different grid densities. The left panel along the
stagnation streamline and the right panel along a radial line at 45◦ from the flow direction.

Figure 3. Frozen air temperature profiles for different grid densities. The left panel along the
stagnation streamline and the right panel along a radial line at 45◦ from the flow direction.
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Figure 4. Comparison of pressure and temperature fields for chemically frozen and equilibrium air.

molecular Prandtl number 0.71, and Reynolds number R = 616. The speed of sound at
infinity is a∞ = 315.1 m/s. Due to the low Reynolds number we use the laminar Navier -
Stokes equation and Sutherland’s law for the viscosity, which gives η = 1.584 × 10−5 Pa·s.
The temperature obeys the adiabatic B. C. on the surface of the body. We imitate the effects
of the Mach 10 shock on the electrical conductivity by simply turning on the value σ = 100
Siemen/m in the flow region where the temperature is above 4000 K, and zero elsewhere,
which seems a fair approximation to the real situation. This gives a magnetic Reynolds
number Rem = 3.96 × 10−3. In Fig. [4], which is split top and bottom, the left panel

Figure 5. Stagnation streamline pressure and temperature for frozen and equilibrium air with Q = 0, 2, 4, 6, 8.

shows the pressure fields for frozen and equilibrium flows with no magnetic field. The main
difference is that the shock standoff distance is larger in the frozen flow. The right panel
shows the temperature fields. Here it is clear that the temperature field around the body
is considerably lower with equilibrium air, as expected because of molecular dissociation,
vibration, ionization, etc. It can be seen that the hottest temperature with frozen flow
begins at the stagnation point and occupies a large region around the body, while with
equilibrium flow the hottest temperature occurs in a very thin region around the body. Fig.
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Figure 6. Temperature for equilibrium air with Q = 0, 2, 4, 6, 8 along the body surface, the stagnation line and
a 45◦ line.

[5] shows the pressure and temperature profiles along the stagnation streamline for frozen
and equilibrium flows at B = 0, and for several values of the magnetic interaction parameter
Q = σeB

2L∞/ρUref in equilibrium flows. The magnetic field is applied by a point dipole at
the center of the hemisphere. The magnetic field strengths used occur at the front tip of
the body. Under our conditions, the values Q = 2, and 4 correspond very nearly to B = 1
and 2 T. Fig. [5] shows that there is a reduction in temperature of almost 2,000 K due
to real gas effects, and that the shock standoff distance is reduced by real air effects, but
increases almost linearly with Q.The left panel shows that magnetic field increases the shock
standoff distance slightly. The right panel shows that the temperature on the body surface
is somewhat reduced by the magnetic field. For example, on the tip of the body is T = 2944
K for Q = 0 and 2904 for Q = 8, and at the rear of the body is T = 3170 for Q = 0 and
2985 for Q = 8. The left panel of Fig. [6] shows the temperature variation versus s/R,
where s is arc length along the body surface in the flow direction. It shows a decrease of
about 10% in the temperature toward the rear (s ≈ 1.5R ≈ 1.5 rmcm) as the magnetic
field is increased from 1T to about 2.8 T. The right panel of Fig. [6] shows the temperature
variation along the stagnation line and along a radial line at 45◦ starting at the body, where
r = R and going outward past the position of the shock. It shows that the magnetic field
increases the temperature behind the shock and also increases the distance from the body to
the shock. The two panels of Fig. [7], which are split top and bottom, compare the pressure
and temperature fields for chemical equilibrium air with Q = 0 and Q = 8.

IX. Validation of computer code

We validate our simulations by comparing with the results of Damevin and Hoffmann21

for 3D Mach 5 flow of frozen and equilibrium air at an altitude of 40 km. We use the same
body as in Ref. [21], which is the same as that in Sec. VIII. We have compared our results
using 3rd and 5th order WENO schemes, and we find that the agreement with Ref. [21]
is better with 5th order WENO. Fig. [8] we show our results with zero magnetic field for
the pressure and temperature profiles along the stagnation streamline for both frozen and
equilibrium flows using the 5th order WENO scheme. The left panel indicates the value of

15 of 18

American Institute of Aeronautics and Astronautics



Figure 7. Comparison of pressure and temperature fields for equilibrium air with B = 0 T and B = 2 T.

the shock standoff distance in the two cases. These profiles agree very well with Fig. [8] of
Ref. [21]. The shock standoff distances also agree with the values shown in Fig. [7] of Ref.
[21].

Figure 8. Mach 5 validation Pressure and temperature profiles along stagnation streamline.

X. Conclusions and Future Work

We have succeeded in incorporating the low magnetic Reynolds number MHD model
and real gas effects into the low diffusion E-CUSP (LDE) scheme with a fifth order WENO
scheme recently developed by Zha1 et al. The fact that the physical effects that we have
found in our simulations are well known and have have been found before by the authors
already cited, and the agreement seen in of our validation runs, give us confidence in our
method. We are planning to have results with nonequilibrium air, and a realistic electrical
conductivity in future work, as well as calculating the reaction force due to the integral of
J × B over the fluid volume.
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