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Abstract

A low diffusion E-CUSP (LDE) scheme for preconditioned Navier-Stokes equations is developed.
With unfactored implicit Gauss-Seidel relaxation scheme for time integration, the LDE scheme with
high-order WENO reconstruction is used to simulate several flows at various speed from low speed
natural convection to supersonic flows. Numerical results are presented to show efficiency, accuracy and
robustness of the new preconditioning scheme.

1 Introduction

In recent years, the convective upwind and split pressure (CUSP) family schemes have achieved great
success. The CUSP schemes can be basically categorized to two types, the H-CUSP and E-CUSP[1, 2, 3].
The H-CUSP schemes have the total enthalpy from the energy equation in their convective vector, while
the E-CUSP schemes use the total energy in the convective vector. The Liou’s AUSM family schemes[4, 5,
6, 7, 8], Van Leer-Hénel scheme[9], and Edwards’s LDFSS schemes[10, 11] belong to the H-CUSP group.
The schemes developed by Zha, et al.[12, 13, 14, 15, 16] belong to the E-CUSP group.

From the characteristic theory point of view, the H-CUSP schemes are not fully consistent with the
disturbance propagation directions[17, 18], which may affect the stability and robustness of the schemes.
By splitting the eigenvalues of the Jacobians to convection (velocity) and waves (speed of sound), one will
find that the convection terms only contain the total energy[12], which will lead to the E-CUSP schemes.

With the application of computational fluid dynamics becoming more and more popular, the demand
for developing a unified algorithm for compressible and incompressible flows becomes stronger to satisfy the
needs of broad engineering problems. When direct applying compressible flow equation to incompressible
flows, there exist two problems: stiffness and large numerical dissipation. Both problems are because
of a large difference between the speed of sound and flow speed. The large dissipation may cause low
convergence, distort the solution of a wall boundary layer, etc.

Preconditioning is to change the eigenvalues of the compressible flow equations system in order to
remove the large disparity of wave speeds. Usually, the system of compressible flow equations is precondi-
tioned by multiplying the time derivatives with a suitable matrix[19, 20, 21, 22, 23].
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For the spatial discretization with preconditioning, the 2nd order central differencing is adopted by
Choi and Merkle [22, 24] and Bortoli[25]. The Roe-type flux-difference splitting (FDS) is used by Weiss
and Smith [23, 26, 27, 28, 29]. The third-order MUSCL extrapolation is used by Briley et al [30]. The
flux-vector splitting (FVS) is applied by Turkle et al [31]. Edwards and his colleagues [32, 33, 34, 35]
have extended their H-CUSP schemes to all flow speeds. There is no work to extend E-CUSP schemes to
preconditioning.

The purpose of this paper is to develop a preconditioned low diffusion E-CUSP scheme with high order
WENO scheme for preconditioned Navier-Stokes equations at all flow speeds. With unfactored implicit
Gauss-Seidel relaxation scheme for time integration, the LDE scheme is used to simulate various flow fields
at all speeds. The numerical results of a lid driven cavity flow, a natural convective cavity flow, subsonic
flow, transonic and supersonic flows show that the method of preconditioning with high-order schemes is
efficient, robust, and accurate for both low speed incompressible flows and high speed compressible flows.

2 Numerical Method

2.1 Governing Equations

The preconditioned system for steady state flows in generalized coordinate is obtained by multiplying the
preconditioning matrix I" to the time derivative terms of Navier-Stokes equations to give
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The preconditioning matrix I' has various forms[19, 21, 22, 23], and is dependent on the choice of q.
This paper adopts the method of Weiss and Smith described in Ref.[23]. The ¢ and I" are taken as the
following,
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U, is a reference velocity. In this paper, the reference velocity proposed by Edwards and Roy[32] is used:
U, = minlc,mazx(|V], k|Voo|)]

where, ¢ is the speed of sound, |V| = vu? + v? + w? is the velocity magnitude, |V is a reference velocity.
H is the total enthalpy, pr stands for 3—51, C) is the specific heat at constant pressure. k is a constant[28].

The eigenvalues of F_1%—§ are
UUUU +C U - (2)
where
U=lu+lyv+1lw

1 1
U'=U00+M), C'= 5\/(1 — MR)U? +4MpC?




and

Uy
Mr:?, C=c\l2+12+12

1 is the normal vector on £ surfaces with its magnitude equal to the elemental surface area and pointing
to the direction of increasing &.

\Y
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J is the transformation Jacobian. The eigenvalues given in Eq. (2) will have the same order of magnitude
when the velocity approaches zero. This is the purpose of preconditioning to improve the condition number
of the Jacobian and remove the stiffness.

2.2  Preconditioning of The Low Diffusion E-CUSP (LDE) Scheme

In [12, 13, 15, 16], the characteristic analysis is given as the foundation to construct the E-CUSP scheme.
The basic idea is to split the flux E to the convective flux E€ and the pressure flux EP. That is:
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The convective flux, E/? is evaluated as,
Eyjp = Ejjy+ EY)y (5)
where
Bfjp=UTf5+U f (6)
and
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The different formulations for U, U™, P+ and P~ can be found in[12, 13, 15, 16] by different requirements.

The preconditioning of the the LDE scheme needs to satisfy two conditions when the flow velocity
approaching zero: 1) the eigenvalues of the Jacobian matrices are at the same order of magnitude of the
velocity, 2) numerical dissipation will diminish. The condition 1 is explained in the previous section. The
condition 2 is analyzed as the following.

The interface flux F}, can be generally defined as consisting of a central difference contribution plus
a diffusive contribution D as[32]

1
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Similarly, the interface pressure p; /5 of (8) can be written as[34]
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The last two term can be regarded as the diffusion terms of p;/,. Low Mach number results in large
pressure value, hence the second difussion term may be excessively large. A better scaling is found by
replacing (pr + pr) by 2p1/2¢; Ja OF 2p1 12UZ, /o[33, 34]. That is, Eq. (10) is replaced by
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Similarly, the split velocities U* used in the low-diffusion flux splitting scheme can be written as
U+ - 61/2[M+ - M1+/2]
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Using 2pLU31/2 and 2pRUr21/2 to replace (pr + pr) in Egs. (12) and (13), respectively, the new split
velocities are obtained as
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d =1is used in [34], 6 = 0 is used in [35] and also in this paper.
Other quantities used in the preceding definitions are
M"Y =af (1+ Br)Mp + B M}
M~ = ap(1+ Br)Mgr — BrMp

1
Mj = t (M= 1)°

1 .
afp= 5[1 + sign(1.0, My gr)]

)

Br,r = —max[0,1 —int(|Mg grl|)]

My = %(M* —af My — M~ +apMg)
P* =ap zp(1+BLR) — BLT’RU + M R]
C1/e = viL- Mfi(j\;;— A0PM; l1/2
and U]:R
Mrr= C1/2

As stated in section 1, the difference between the H-CUSP scheme and E-CUSP scheme is that, the
H-CUSP scheme uses the total enthalpy and the E-CUSP scheme uses the total energy in Eq.(4) for the
convective vector. Hence, H-CUSP schemes[32, 34, 35] do not have the term of p; 5U, /o in Eq. (7). In this
paper, the interface velocity Uy, is evaluated as

U1/2:U++U7 (16)



2.3 The WENO reconstruction

The high order accuracy of F;, 1/, is obtained by achieving the high order accuracy of the left and right
primitive variables ¢ and ¢ using the WENO scheme described below. This procedure is similar to the
MUSCL scheme suggested by van Leer[36] and is adopted in [37].

The finite difference 5Sth-order accuracy WENO scheme suggested by Jiang and Shu [38] is used to
evaluate the primitive variables ¢* and ¢f*. The WENO scheme for variable ¢* can be written as:

qiLH/z = woqo + w1q1 + w2q2 (17)

where wq, w1 and wy are the weights, and the qg, g1 and ¢o are the 3rd order accuracy reconstruction of
the variables in three different stencils. They are determined as the following,
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where C}, are the optimal weights with the following values:

aj = k=0,1,2 (19)

Co=0.1, C;1 =06, C2=0.3

The IS}, are the smooth estimators determined as

IS0 = 15(gi—2 — 2qi—1 + ¢i)* + §(gi—2 — 4gi—1 + 3¢;)°
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The ¢ in Eq.(19) is introduced to avoid the denominator becoming zero. Jiang and Shu’s numerical tests
indicate that the results are not sensitive to the choice of € as long as it is in the range of 1075 to 107",
In their paper[38], ¢ is taken as 1076, In Ref. [37], the ¢ value of 10~2 suggested by Shen et al to suppress
the oscillation of 1.5, and improve the convergence and accuracy is adopted in this paper.

The ¢ is constructed symmetrically as ¢© about i + 1/2.

2.4 The 4th-Order Schemes for Viscous Terms[39]

A set of fully conservative 4th-order accurate finite central differencing schemes using the same stencil
width of the WENO scheme for the viscous terms is used in this paper. The scheme for the viscous
derivative term %—? in Navier-Stokes equations Eq.(1) can be written as the following,
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To obtain 4th order accuracy, R needs to be reconstructed as
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If R; in Eq.(22) can be approximated with the accuracy order not lower than 4th order, the Taylor
expansion analysis of (21) and (22) will give the following relation[39],

Alg(Rz‘H/z - Ri—1/2) = R (&) + O(AgY) (24)

i.e. the 4th order accuracy is achieved.

In order to achieve the highest order accuracy of Ry with I =i—3/2,i—1/2,i+41/2, the approximation
of each component in Eq. (22) using all the involved points of the WENO stencil is given below:
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By choosing different ranges for (m,n), (1, s), (p, ¢) and different coefficients C{, DI, C¢, one can obtain
different order accuracy approximation to the viscous terms. The principle of choosing (m,n), (r, s), (p, q)
is to ensure that the approximation of %—?h in Eq.(21) is a central differencing. For example, in this paper,
(m,n) =(-2,1),(r,s) = (—3,2),and (p,q) = (—2,2) are used, and they give[39],
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the coefficients ClI , DlI , Cf can be obtained by Taylor’s series expansion and are given in Tables 1-3.



Table 1: The coefficients of Cl]

I C£2 C£1 COI C’{
i—3/2 | 5/16 | 15/16 | -5/16 | 1/16
i—1/2|-1/16 | 9/16 | 9/16 | -1/16
i+1/2 | 1/16 | -5/16 | 15/16 | 5/16

Table 2: The coefficients of Dl[
I DT, DI, DI, | D} DI DI
i—3/2 | 71/1920 | -141/128 | 69/64 | 1/192 | -3/128 3/640
i—1/21|-3/640 25/384 -75/64 | 75/64 | -25/384 | 3/640
i+1/21-3/640 3/128 -1/192 | -69/64 | 141/128 | -71/1920

3 Time Marching Method

The implicit discretized formula of Eq.(1) can be expressed as following,

T ORHS , ntl "
(At+ e \)5(1 — RHS (33)

where RHS is the redidual calculated by using inviscid numerical fluxes and viscous fluxes, such as Egs.

(5)and (21), ‘9%—[;5\’ is the approximation of Jacobian matrix B%—I;S.

A first order discretization is used for solving the corresponding Jacobian matrices on the left hand
side of Eq. (33). For example, for convective flux F; /s,

dqiv1 (34)
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where, Ar is the diagonal matrix of eigenvalues Eq. (2), Mr and M ! are the matrices of right and left
eigenvectors[29]. The second order central differencing is used for viscous flux R;,4 /2 on the left hand side
of Eq. (33), and the Jacobian matrix is follows,
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The final linearized equations of Eq. (33) can be written as the following,
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Table 3: The coefficients of C}
Cey | C¢ | C5 | CF cs
1/12 | -8/12 | 0 | 8/12 | -1/12

. 1 _ ) 1 -
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LL . 8R1;+1/2 LR . 3Ri+1/2
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J is the transformation Jacobian. B*, B and C*, C have the same forms as A*, A. And,

RHS" = %[( ?+1/2 o R?A/Q) + (Syﬂ/z o 5;11/2) + (Tl:l+1/2 - Tl?fl/Z) (37)
_(E?H/z B Eznfl/Q) B (an+l/2 B Fﬁ1/2) — Z+1/2 B 271/2)]

The Gauss-Seidel line iteration in a certain sweep direction, for example, in ¢ direction assuming the
sweeping from small index value to large one, can be written as

B—Aq;jj_lL Lt BAqgjfg + B+Aq2j++117k — RHS' (38)
where,
RHS' = RHS™ — AYAq}yy ), — A” AN o — CTAG 1 — CAG (39)

4 Results and Discussion

To demonstrate the effectiveness of the preconditioned LDE scheme, the test cases include a lid driven
cavity, a cavity natural convection flow, a subsonic flat plate turbulent boundary layer, inviscid transonic
converging-diverging nozzle flow, the transonic flow over RAE2822 airfoil, and the laminar wall boundary
layer with Mach number from 1073 to 2.0.

In this paper, at boundaries, the conservative variables are first obtained using various required bound-
ary conditions[37], and then the primitive variables used in preconditioning system are calculated from the
conservation variables accordingly.

In this paper, the residual is defined as
Residual = Max{|RHS"|};jk

and RHS™ is determined by Eq.(37).

4.1 Lid Driven Cavity Flow

The lid driven cavity flow is a benchmark solution used to validate incompressible flow calculation[28, 40, 41]

The flowfiled with Reynolds of 3200, no-slip isothermal wall boundary condition and a Mach number
of 1073 for the moving lid is calculated. For the purpose of comparison, the uniform mesh systems of
100 x 100, 200 x 200.



Fig. 1 gives the convergence histories. Since the primitive pressure p is used in the present precondi-
tioned method, the decreasing Mach number results in the increased machine round errors, which increases
proportionally with M?2[29, 22]. From Fig. 1, it can be seen that the residual is still decreased about 8 ~ 9
order of magnitude. It is worthy pointing out that the method without preconditioning can not get the
correct solution for this case due to excessive dissipation.

Fig. 2 is the comparison of u velocity along the vertical centerline. The present results are in good
agreement with that obtained by incompressible eqution[40].

Fig. 3 shows the streamlines calculated by the present method with the mesh of 100 x 100. It exhibits
a large primary vortex with two secondary vortices in the two bottom corners and a secondary vortex near
the upper-left corner, which is the same as other researchers predict[28, 40, 41].

4.2 Cavity Natural Convection Flow

The second test case is a cavity natural convection flow induced by a temperature difference of 4 times on
the two vertical walls. This flow has very low velocity and is completely in the incompressible flow regime.
The configuration consists of two insulated horizontal walls and two vertical walls at temperature T3 and
T., T, = 4T,. In this paper, the natural convective flows at two Rayleigh number, Ra = 10 and Ra = 10°,
are calculated. The uniform mesh with size of 100 x 100 is used.

The convergence histories are shown in Fig. 4. Fig. 5 compares the Nusselt number at the left side
wall with the result of Chenoweth-Paolucci[42] and Choi-Merkle[22], they are in excellent agreement. Figs.
6-9 show the streamline and temperature isolines. Fig. 7 and 9 indicate that the flow evolves from one
vortex core to two vortex cores when the Rayleigh number is increased from 102 to 10°. This is due to
the instability induced by high Rayleigh number, and is consistent with the solutions obtained by other
researchers|[22].

Same as the first test case, without preconditioning, it can not obtained the correct solution.

4.3 Wall Boundary Layer

The third validation case is a steady state laminar boundary layer flow on an adiabatic flat plate to test the
methodology for both compressible and incompressible flows. The Reynolds number based on the length
of the flat plate is 4.0 x 10%. The Prandtl number of 1.0 is used in order to compare with the analytical
solution. The computation domain is taken to be [0, 2] x [0,1.6]. The mesh size is 180 x 80.

Three cases with different incoming Mach number (M, = 2.0, My, = 1072, and M, = 1073) are
calculated:

Fig. 10 is the convergence histories of the case with Mach number of 2.0, the supersonic flat plate
laminar flow, with and without preconditioning. It shows that the precondition method has the same
convergence rate as the one without preconditioning. For this supersonic flow, the thin subsonic boundary
layer has created little stiffness and hence the advantage of preconditioning is not significant.

The computed velocity and temperature profiles of this supersonic laminar boundary layer shown in
Figs. 11 and 12 indicate that the numerical results agree excellently with the Blasius solution.

Figs. 13 and 14 show the convergence histories of the cases with M = 1072 and M = 1073. It can
be seen that the residual without preconditioning oscillate with a large amplitude. For the cases with
My, = 1072, the residual with preconditioning is about 6 orders of magnitude lower than the one without
preconditioning. For the case with My, = 1073, the residual with preconditioning keeps reducing within a
small oscillation.

Figs. 15 and 16 are the comparison of numerical results with Blasius solution for M = 1072 and



1073, Figs. 15 shows that, though its solution is less accurate than the preconditioned one, the flow solver
without preconditioning can still resolve the boundary layer at M = 10~2. However, the velocity profile in
Fig. 16 demonstrates that, for the case with M = 1073, the numerical solution without preconditioning is
significantly diffused due to the large numerical dissipation, whereas the preconditioned solvers accurately
resolve the velocity profile.

4.4 Transonic Converging-Diverging Nozzle

To examine the performance of the preconditioning methodology in two-dimensional flow and the capability
to capture shock waves, an inviscid transonic converging-diverging nozzle is calculated. The nozzle was
designed and tested at NASA and was named as Nozzle A1[43]. Due to the geometric symmetry about the
center line, only the upper half of the nozzle is calculated. The mesh size is 175 x 50. The grid is clustered
near the wall. The inlet Mach number is 0.28.

Fig. 19 shows the Mach contours obtained by present preconditioning method. Fig. 17 is the com-
parison of the convergence histories with and without precondition. Similar to the flow of subsonic flat
plate turbulent boundary layer, the preconditioned convergence rate is again about 20% faster than the
one without preconditioning.

Fig. 18 shows the pressure coefficients at the upper wall surface. It can be seen that both the methods
with and without preconditioning obtain identical results.

4.5 Transonic RAE2822 Airfoil

To further examine the preconditioning method for transonic compressible flows, the steady state solution
of the transonic RAE2822 airfoil is calculated using the Reynolds averaged Navier-Stokes equations with
the Baldwin-Lomax turbulence model. The mesh size is 256 x 55, the freestream Mach number M, is
0.729, the Reynolds number based on chord is 6.5 x 10°, and the angle of attack is 2.31°.

From Fig. 20, we can see that the preconditioning method only needs about half of the iteration
numbers of the one without preconditioning to converge to machine zero.

Figs. 21 is the comparisons of the coefficients of pressure on the wall. They show that both the results
with and without preconditioning are identical and are in excellent agreement with the experiment.

Fig. 22 shows the pressure contours obtained by the present preconditioning method.

5 Conclusions

A low diffusion E-CUSP (LDE) scheme is developed for preconditioned Navier-Stokes equations. Different
from H-CUSP schemes, the pressure term is separated from the total enthalpy in the energy equation and
is also preconditioned in the E-CUSP scheme. Combined with the 5th-order WENO scheme for inviscid
flux and the unfactored implicit Gauss-Seidel relaxation scheme for time integration, the algorithm is used
to calculate flow fields from very low speed incompressible flows to supersonic compressible flows.

The numerical simulation of lid-driven and natural convective incompressible cavity flows, low subsonic
incompressible flows, transonic and supersonic compressible flows show that the preconditioning method
is efficient, accurate and robust, not only for the low Mach number incompressible flows, but also for the
subsonic and transonic compressible flows. For high subsonic and transonic flows, the preconditioning also
accelerates convergence due to reduced stiffness in near wall low speed region. For low speed incompressible
flows, the preconditioning is necessary not only to remove the stiffness, but also to reduce numerical
dissipation to ensure accurate results.
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Figure 1: Convergence rate of the lid-
driven cavity flow, Re = 3200, M = 1073,
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Re = 3200, M = 1073. cavity flow, 100 x 100.
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Figure 19: Mach number contours of the transonic converging-diverging nozzle flow
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Figure 20: Convergence rate of the transonic
flow over RAE2822 airfoil
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Figure 21: The pressure coefficients at the air-
foil surface of the transonic flow over RAE2822 Figure 22: Pressure contours of the transonic
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