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Abstract

A delayed-detached-eddy simulation (DDES) is conducted with a low diffusion E-CUSP
(LDE) scheme and fifth-order WENO scheme for the inviscid fluxes and 4th order central differ-
encing scheme for viscous terms to study the shock/wave turbulent boundary layer interaction.
The results show that DDES simulation provides improved results for the shock wave/turbulent
boundary layer interaction compared to those of its predecessor the detached-eddy simulation
(DES).The computation of mesh refinement indicates that the grid density has significant ef-
fects on the results of DES, while being resolved by applying DDES simulation. The computed
results of a transonic channel agree well with the experimental data.

1 Introduction

Turbulence modeling is critical when resolving the aerodynamic non-linearity of shock wave/tubulent
boundary layer interaction and flow separation. For the simulation of turbulent flows, methods based
on Reynolds average Navier-Strokes (RANS) equations are widely used, although they are not able
to simulate flow separation in an accurate manner. This is because RANS methods calculate the
large scale eddies using a universal model. Such universal model does not exist for the large scale
turbulence that is affected by flow geometry and boundary conditions.

Performing better than the RANS model, Large Eddy Simulation (LES) is promising while over-
coming the RANS model disadvantages. In LES, the governing equations are spatially filtered on the
scale of the numerical grid. The large energy containing scales are directly simulated, and the small
scale eddies, which are generally more homogeneous and universal, are modeled. The large eddies
are strongly affected by the flow field geometry boundaries, therefore the direct computation of the
large eddies by LES is more accurate than modeling the large eddies by RANS. The effect of the
unresolved small scales of motion in LES is modeled by a subgrid-scale (SGS) model[1][2][3][4][5] or
by the inherent dissipation in the numerical schemes[6][7][8][9][10][11][12]. Because the statistics of
the small scale turbulence are more isotropic and universal, a general physical model for small scale
eddies is more plausible.
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1.1 Detached-Eddy-Simulation

For high Reynolds number flows such as those of turbo-machinery blades and transonic wings, to
resolve the wall boundary layer, LES needs the CPU resource not much less than the Direct Numerical
Simulation(DNS). This makes the LES too expensive for high Reynolds number flow calculations and
therefore it is not hopeful for LES to be rigorously implemented for another 4 decades in engineering
applications [13]. Spalart et al. developed the so called detached-eddy simulation (DES) strategy[13],
which is a hybrid RANS and LES method, to overcome the intensive CPU requirement for LES. Near
the solid surface within the wall boundary layer, the unsteady RANS model is realized. Away from
the wall surface, the model automatically converts to LES. By using the RANS model near the wall,
the fine mesh resolution of LES to resolve the viscous sublayer is avoided and the CPU time can
be tremendously reduced. The motivation of DES is that the LES is powerful in regions of massive
separation and other free shear flows such as jets, but is much too costly in the large area of thin
wall boundary layers.

In 2001, Spalart gave a grid guidance for DES [14, 15], which divides a flow domain with solid
walls to Euler region, LES region, and RANS region. The LES region is composed of Viscous, Focus
and Departure region. In the RANS region, the domain is further divided to Viscous region and
Outer region. Spalart’s DES grid guidance gives sufficient grid resolution for LES region and the
transition to Euler region from RANS region. The grid size is dramatically reduced compared to the
pure LES.

Even though the DES concept is much newer than RANS and LES concept, its application for
turbulence simulation has already achieved encouraging success as shown in the work of Wang[16][17]
and Tarvin et al. (1999) [18], Spalart (2001)[14, 15], Forsythe et al.(2002)[19], Viswanathan et al.
[20], Squires et al.[21, 22], Hsnsen, et al. (2003)[23], Subbareddy et al. (2005) [24]. These flows
calculated using DES include those for airfoils, cylinders, forbodies, base flows, etc. The results
are qualitatively and quantitatively better than the solutions using RANS. DES appears to be a
suitable compromise between the physical models of turbulence and CPU efficiency. In those DES
applications, almost all the algorithms use 2nd order accuracy except that of Tarvin et al. (1999)
[18], which employs fifth order upwind scheme for the inviscid convective terms in space.

1.2 Delayed-Detached-Eddy Simulation

However, with the spread of the successful DES application after it was first proposed in 1997, a defect
of the first generation DES model(DES97) [13] has been also exposed, being that the transition from
the RANS model to LES in DES97 may not be grid spacing independent[25]. DES is originally
designed to treat the entire boundary layer using a RANS model and to use LES for separated
flow regions. A fine mesh with grid spacing much smaller than the boundary layer thickness may
exhibit an incorrect behavior in boundary layers and shallow separation regions due to locating the
RANS/LES transition within the boundary layer. The grid spacing could be fine enough for the
DES length scale to follow the LES branch, which will lower the eddy viscosity below the RANS
level. The resolved Reynolds stresses determined from the velocity fluctuation (LES content) may be
lacking because the resolution is not fine enough to fully support it. The DES limiter then reduces
the eddy viscosity, and therefore the modeled Reynolds stresses. This phenomenon is referred as
modeled-stress depletion (MSD)[25]. This drawback is also considered as one of the possible causes
for the inaccurate prediction of flow separation region size with suction flow control when the DES
is used as indicated by Rumsey [26].



To overcome the MSD problem and make the DES limiter independent of grid spacing, Spalart
suggested a modification to the original DES97 model in 2006[25], referred to as Delayed-Detached-
Eddy Simulation (DDES). A blending function similar to the one used by Menter and Kuntz [27]
for the SST model is introduced to limit the DES length scale to ensure the transition of RANS
to LES be independent of grid spacing. The DDES model has demonstrated excellent agreement
with experiment and a significant improvement over the DES97 for the tested cases, which include
a flat plat boundary layer resolved with mesh spacing significantly smaller than the boundary layer
thickness, a circular cylinder, a single airfoil with weak separation near trailing edge, the backward
facing step with large separation region, and a multi-element airfoil. The predicted separation onset
and separation region length agree well with the experiments.

In this paper, the DDES of Spalart|[25] based on the Spalart-Allmaras one equation turbulence
model will be employed with the recently developed low diffusion E-CUSP scheme[28] with fifth-order
WENO scheme for the inviscid fluxes and 4th order central differencing scheme for viscous terms|29,
30, 31, 32, 33, 11], in order to investigate the shock wave/turbulet boundary layer interaction.

2 Governing Equations

The governing equations for the flow field computation are the spatially filtered 3D general Navier-
Stokes equations in generalized coordinates and can be expressed as follows:

0Q OE OF G 1 <6E’V OF!, acg)

ot "o Tan Tac Tmelae oy Tac (1)

where Re is the Reynolds number, and

Q=" 2)

B/ = 2(6Q+&B + §F +£0) )
F' = %(mQ +17.E + n,F +1.G) (4)
= L(GQ+GB G 1 Q) (5)
B, = (6B, +Fy +6Gy) )
F, = %(mEv +n,Fy +1.Gy) (7)
G = S(CEB Gy + GGy (®)



where J is the transformation Jacobian. The variable vector Q, and inviscid flux vectors E, F, and
G are given as the following.
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The inviscid fluxes in generalized coordinate system are expressed as:
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where U, V and W are the contravariant velocities in £, n and (¢ directions.
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I, m, n are the normal vectors on &, 7, ¢ surfaces with their magnitudes equal to the elemental surface
area and pointing to the directions of increasing &, 7, C.
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In the above equations, p is the density, u, v, w are the Cartesian velocity components in x,y, z
directions, p is the static pressure, and e is the total energy per unit mass. The overbar denotes
a regular filtered variable, and the tilde is used to denote the Favre filtered variable. The 7 is the
molecular viscous stress tensor and is estimated as:
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The above equation is in the tensor form, where the subscript 1, 2, 3 represent the coordinates,
x,1, z and the Einstein summation convention is used.

The molecular viscosity i = fi(T) is determined by Sutherland law.



The o is the subgrid scale stress tensor due to the filtering process and is expressed as:
oij = —p(uity — Us;)
The energy flux () is expressed as:
Qi = uj(Ti; +0ij) — G+ P

where @ is the subscale heat flux:

The g; is the molecular heat flux: .
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where v is the ratio of specific heats, pk is the subscale kinetic energy per unit volume.

pé =

1 1
pk = Qﬁ(mz — Uitl;) = — 50

(13)

(14)

(18)

In the present calculation, the pk in Eq.(17) is omitted based on the assumption that the effect

is small.

3 Detached-Eddy Simulation

The Navier-Stokes equations can then be solved using the DES model suggested by Spalart et al.

[13] as the following.

First the sub-grid scale stresses are determined as:
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The turbulent heat flux will be evaluated as:
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v is a working variable and is determined by the following Spalart-Allmaras model[34][13][20][35]:
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In generalized coordinate system, the conservative form of Eq.(22) is given as the following:
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Eq.(23) is coupled with Eq.(1) when it is solved.
The eddy viscosity v, is obtained from:
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where v is the molecular viscosity. The production term is:
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where, w; is the wall vorticity at the wall boundary layer trip location, d is the distance to the closest
wall, d; is the distance of the field point to the trip location, Agq is the difference of the velocities
between the field point and the trip location, Az, is the grid spacing along the wall at the trip
location.



The values of the coefficients are: ¢,; = 0.1355, ¢pe = 0.622,0 = %, cwr = G+ (1 +c2)/o,cue =
0.3, Cyw3 = 2, k= 041, Cyl1 = 71, Cy1 = 10, Cyo = 20, C3 = 11, Ciq = 2.0.

In DES, ¢;1 and ¢;3 are set as zero. The distance to the nearest wall, d, is replaced by d as

where A is the largest spacing of the grid cell in all the directions.

Within the boundary layer close to walls, d = d, hence the turbulence is simulated by the RANS
mode determined by the Spalart-Allmaras model[34]. Away from the boundary layer, d = CpggA
is most of the cases. When the production and destruction terms of the model are balanced, the
length scale d will have a Smagorinsky-like eddy viscosity and the turbulence is simulated by the
LES model. Analogous to the classical LES theory, the length scale A is to cascade the energy to
the grid size. The coefficient Cpgg = 0.65 is used as set in the homogeneous turbulence[36]. The Pr;
may take the value of 0.9 within the boundary layer for RANS mode and 0.5 for LES mode away
from the wall surface. Eq.(22) will be extended to generalized coordinates and will be coupled and
solved together with the filtered Navier-Stokes equations, Eq.(1).

4 Delayed-Detached-Eddy Simulation

The DDES formulation introduced by Sparlat et al.[25] suggests some modifications to his previous
DES model[13], given that in wide boundary layers and shallow separation regions the DES simulation
can present an erroneous behavior. This may occur when the thickness of the boundary layer is greater
than the grid spacing parallel to the wall, making the transition from RANS to LES earlier. With
the new modified DDES, the RANS model is retained longer for thick boundary layers independent
of the grid spacing. The DES model is adjusted as follows.

The parameter r is modified from the S-A definition to:
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where U, ; are the velocity gradients, and the subscript d refers to delayed for DDES. This parameter
is modified in this form so it can be applied to any eddy-viscous model.

rq is applied in the following function

fa=1—tanh([8r4]*) (32)

The coefficients 8 and 3 are acquired from DDES flat plate boundary layer tests[25] by matching
the solution to the RANS values. In this way the DES d can be modified and be definied for DDES
as follows:

d=d— fymaz(0,d — CpgsA) (33)

This modification in d reduces the grey transition area between RANS and LES. The qualitative
change of the new d is very significant, depending now on the eddy-viscosity field. The DDES model



now can refuse the transition to LES if not ready, when the function f;, using the value of r4, indicates
that the point still lies within the boundary layer. The opposite also occurs, when there is massive
separation indicated by f;, the change from RANS to LES takes place in the simulation.

For simplicity, all the overbar and tilde in above equations will be dropped in the rest of this
paper.

5 The Numerical Method

5.1 The Low Diffusion E-CUSP (LDE) Scheme|[28]

The basic idea of the LDE scheme suggested by Zha et al.[28] is to split the inviscid flux into the
convective flux E° and the pressure flux EP. With the one extra equation from the S-A model
for DES, the splitting is basically the same as the original scheme for the Euler equation and is
straightforward[37]. This is an advantage over the Roe scheme[38], for which the eigenvectors need
to be derived when any extra equation is added to the governing equations. In [39], the LDE scheme
is shown to be more efficient than the Roe scheme when the S-A one equation turbulence model is
coupled.

In generalized coordinate system, the flux E can be split as the following:
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where, U is the contravariant velocity in & direction and is defined as the following:
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U is defined as:

U=lu+lv+lw (36)

The convective term, E° is evaluated by
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C=c(Z+1+12)° (38)
where ¢ = /yRT is the speed of sound. Then the convective flux at interface ¢ + % is evaluated as:
Efy = Cy [pC ff + prC™ f) (39)

where, the subscripts L and R represent the left and right hand sides of the interface. The Mach
number splitting of Edwards[40, 41] is borrowed to determine ¢* and ¢~ as the following:
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The pressure flux, E? is evaluated as the following
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The contravariant speed of sound C in the pressure vector is consistent with U. It is computed
based on C' as the following,

The use of U and C instead of U and C in the pressure vector is to take into account of the grid

speed so that the flux will transit from subsonic to supersonic smoothly. When the grid is stationary,
,=0,C=C,U=U.

The pressure splitting coefficient is:
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The LDE scheme can capture crisp shock profile and exact contact surface discontinuities as
accurately as the Roe scheme[28]. However, it is simpler and more CPU efficient than the Roe
scheme due to no matrix operation.

5.2 The Fifth-Order WENO Scheme

The interface flux, F, 1= E(Qr,Qr), is evaluated by determining the conservative variables @,
and Q using fifth-order WENO scheme[30]. For example,
(QL)H_% = Woqo + wW1q1 + Waq2 (43)

where
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where, € is originally introduced to avoid the denominator becoming zero and is supposed to be a
very small number. In [30], it is observed that IS5 will oscillate if € is too small and also shift the
weights away from the optimal values in the smooth region. The higher the € values, the closer the
weights approach the optimal values, C}, which will give the symmetric evaluation of the interface
flux with minimum numerical dissipation. When there are shocks in the flow field, € can not be too
large to maintain the sensitivity to shocks. In [30], ¢ = 1072 is recommended for the transonic flow
with shock waves.

The viscous terms are discretized by a conservative fourth-order accurate finite central differencing
scheme developed by Shen et al[30]. This central differencing scheme is constructed to how the stencil
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width within the stencil width of the WENO scheme.
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If R in Eq.(48) can be approximated with the accuracy order not lower than 4th order, the Taylor
expansion analysis of (47) and (48) will give

Rivij2 — Riijp = R'(&) + O(ALY)

Where the 4th order accuracy is achieved.

In order to achieve the highest order accuracy of Ry (I =i—3/2,i—1/2,i+1/2) in a least stencil not
wider than the total width of the WENO stencils, for example, the stencil S = (Zj4r, Tizri1, - Tits)
for all g—;ﬂ[, I'=i-3/2,1—1/2,i+1/2, we give the following formulas,
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The other terms are determined similarly.

By choosing different ranges for (m,n), (r,s), (p,q) and different coefficients Cf, D}, Cf, one can
obtain the different order accuracy of the viscous terms.

One principle of choosing (m,n), (r,s), (p,q) is to ensure the approximation of i (Eq.(47))is
a central differencing. (m,n) = (=2,1),(r,s) = (=3,2),and (p,q) = (—2,2), and the coefficients
Cl, D}, C¢ are given in Tables 1-3.
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Table 1: The coefficients of Cf

I [, [c, | cl |l
i—3/2| 5/16 | 15/16 | -5/16 | 1/16
i—1/2|-1/16 | 9/16 | 9/16 | -1/16
i+1/2 | 1/16 | -5/16 | 15/16 | 5/16

Table 2: The coefficients of Df
I D!, D!, D', | D] DI DI
7 —3/2 | 71/1920 | -141/128 | 69/64 | 1/192 | -3/128 | 3/640
i—1/2 [-3/640 | 25/3%4 | -75/64 | 75/64 | -25/384 | 3/640
i+1/2-3/640 | 3/128 | -1/192 | -69/64 | 141/128 | -71/1920

5.3 Implicit Time Integration

The time dependent governing equations are solved using dual time stepping method suggested
by Jameson[42]. To achieve high convergence rate, the implicit pseudo time marching scheme is
used with the unfactored Gauss-Seidel line relaxation. The physical temporal term is discretized
implicitly using a three point, backward differencing as the following (The prime is omitted hereafter
for simplicity):

@ _ 3Qn+1 _ 4Qn + Qn—l
ot 2At

(54)

where n — 1, n and n+ 1 are three sequential time levels, which have a time interval of At. The first-
order Euler scheme is used to discretize the pseudo temporal term to enhance diagonal dominance.
The semi-discretized equations of the governing equations are finally given as the following;:

Ar T At 9Q 2At

( L 1'5> e <6R>n+1’m} 5Qn+1,m+1 _ Rotlm _ 3Qrtitm _4Qn + Q! (55)

where the A7 is the pseudo time step, R is the net flux evaluated on a grid point using the fifth-order
WENO scheme and the fourth-order central differencing scheme[30]. The implicit left hand side of
Eq.(55) only affects the convergence behavior not the accuracy of the solution, which is determined
by the right hand side of Eq.(55).

6 Results and Discussion

6.1 3D Subsonic Flat Plate Turbulent Boundary Layer Flow

The subsonic flat plate is used to validate the performance of the DDES scheme. The mesh size is
181 x 81 x 65 . The y™ of the first cell center to the wall is kept less then 1.0. The mesh can be
observed in Fig. 1. The Reynolds number is 4 x 10° based on the length of the plate. The inlet Mach
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Table 3: The coefficients of Cf
Cey, | O | C5| CF s
1/12 | 8/12 | 0 |8/12 [-1/12

number is 0.5.

As shown in Fig. 2, the computational results of the DDES scheme agree well with the law of the
wall. They are slightly better than the results using S-A model alone in the transition region from
the linear viscous sublayer to log layer.

6.2 3D Transonic Channel Flow

In this paper, the flow in a transonic channel is simulated, using both DES and DDES models,
to study the shock wave/turbulent boundary layer interaction, which is analyzed experimentally in
reference[43]. The channel is made of two straight side walls, a straight top wall, and a varying shape
in span-wise direction for a bottom wall. The section tested on [44] has an entrance of 100mm in
height by 120mm in width. Fig. 3 shows the topology of the duct’s shape.

For the computation, the inlet the boundary conditions are set as fixed total pressure, total
temperature and flow angles. At the outlet a fixed static pressure is specified. On the walls, the
boundary conditions are set as no-slip adiabatic wall boundary condition. The flow for both DES
and DDES models is calculated with a Reynolds number of 11.3 x 10° based on the throat’s height
and an inlet Mach number of 0.502.

Two mesh sizes are used for the DES calculation of 91 x 61 x 61 and 136 x 91 x 91, and three
mesh sizes are used for the DDES calculation of 91 x 61 x 61, 136 x 91 x 91 and 211 x 91 x 91.
The meshes are mostly uniformly distributed in the horizontal direction except for the bump area,
where the mesh is clustered to better resolve the shock wave. In the same way, the clustering also
appears near the four walls of the duct to resolve the boundary layer. Fig. 3 shows the 3D mesh of
the transonic channel.

A non dimensional time step of 0.05 was used for the cases. The non-dimensional time is defined
ast = 5 /U , where D is the throat height. The computation begins with a uniform flow field. The
convergence history within a typical physical time step is shown in Fig. 4, with the residual reduced
typically by 2-3 orders of magnitude.

Fig. 5 and Fig. 6 show the computed instantaneous shock wave structure using the baseline mesh
illustrated by Mach contours at 3 span-wise planes for the DES and DDES simulations respectively.
Fig. 7 shows the result of the Mach number contours for the experiment [44] which are to be compared
with those of Fig. 5 and Fig. 6. The location of the planes from the back side wall are Z = 60mm,
Z = T5mm and Z = 90mm, with the one located at Z = 60mm being the central plane of the channel.
In order to achieve the same location of the shock as in the experiment, the value of p"’“ = 0.59 is
used for both DES and DDES. Using the baseline mesh, both the DES and DDES snnulatlons have
results in the shock wave structure very similar to that of the experiment, as shown in Fig. 7.

Compare the DES and DDES results at the plane Z = 60mm, the boundary layer of DDES is
thinner than that of DES and agrees better with the experiment. The major difference between the
results of DES and DDES simulations can be seen in plane Z = 90mm, where DES shows a thick
layer with an area of separation significantly larger than the experiment. When looking at the DDES
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results, the separation is substantially reduced and agrees better with the experiment.

The surface shear stress flow are also plotted in this study and are found in Fig. 8 and Fig. 9.
They show three faces of the channel, the top wall and both of the side walls. The results agree
well with the experiment[44] observed in Fig. 10. On side A, both DES and DDES predict very well
the top corner separation caused by the strong normal shock interaction with the corner boundary
layer. On the lower part, the DDES predicts a little better the overall flow blockage due to the lower
boundary layer separation and reattachment line. On the top wall, both DES and DDES capture
the two side wall corner vortices well. On the side wall B, both the DES and DDES over predict the
upper corner separation size, but the DDES gives better results in the rest of the area with no other
separation lines as shown by the experiment. The DES has some separation/reattachment line near
both the upper and lower walls outside the large upper wall corner separation zone.

The mesh refinement study with the mesh sizes mentioned above shows that DES is mesh de-
pendent (grid density), given that the finner the mesh near the walls, the less agreement with the
experimental results. This is expected to be resolved with the use of DDES as indicated by Sparlat[25].

Fig. 11 shows a plot of the computational isentropic Mach numbers on the top wall on plane Z =
60mm of the transonic channel to study the convergence of the solution based on mesh refinement.
Fig. 11 shows that the DDES solution is converged from the coarse mesh of 91 x 61 x 61 to the
finest mesh of 211 x 91 x 91, whereas the DES solution is varied significantly from the coarse mesh
of 91 x 61 x 61 to the refined mesh of 136 x 91 x 91. This results validate that the DDES is more
mesh independent then the DES.

7 Conclusions

The shock/wave turbulent boundary layer interaction is studied by using a DDES simulation with
low diffusion E-CUSP scheme [28] and fifth-order WENO scheme. A 4th order central differencing
is used for the viscous terms.

The Delayed-Detached-Eddy Simulation (DDES) was suggested by Spalart in 2006 to fix a prob-
lem with the DES model. The transition from the RANS model to LES in DES is not grid spacing
independent, therefore a blending function is introduced to the recently developed DDES model to
overcome this shortcoming. The validation of the DDES method is performed by the simulation of
the flow field of a 3D subsonic flat plate turbulent boundary layer. The computational results of the
DDES scheme agree well with the law of the wall.

For a 3D transonic duct with a baseline grid of 91 x 61 x 61, the computed shock/wave structure
for three span wise planes agrees better with experiment using DDES compared to the results of DES
near the walls of the channel. The computation of mesh refinement indicates that the grid density
has significant effects on the results of DES, while being resolved by applying DDES simulation.
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Figure 1: 3D view of the mesh for the subsonic
flat plate
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Figure 3: The computational grid of the tran-
sonic channel
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