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Abstract

In this paper, an unified high-order algorithm for all speeds is developed. The preconditioning matrix
of Weiss and Smith combined with a 5th-order WENO scheme for inviscid flux and a fully conservative
4th order central differencing for viscous terms are employed. The unfactored implicit Gauss-Seidel
relaxation scheme is used for time marching. The numerical simulation of a natural convective cavity
flow, subsonic flow, transonic and supersonic flows show that the high order preconditioning method
is efficient, robust, and accurate for both low speed incompressible flows and high speed compressible
flows.

1 Introduction

In recent years, there is a growing interest to develop an unified algorithm for compressible and incom-
pressible flows in computational fluid dynamics (CFD) for two reasons: First, there exist flow problems
of mixed compressible/incompressible type. Second, it is convenient to use the same CFD code for pure
incompressible or compressible flows. For example, the design of an aircraft or a launch vehicle involves
the calculation of flows during a full flight mission passing through various flow regimes[1]. The other ex-
ample of co-existing incompressible and compressible flow is the ship-aircraft dynamic interface[2], where
the flow near ship deck is low speed incompressible flow, and the flow around aircraft is compressible due
to helicopter rotor tip speed and high speed engine nozzle jet.

The system of compressible flow governing equations at very low Mach numbers is stiff due to the large
ratio of the acoustic and convective time scales, or the large disparity in acoustic wave speed, u + a, and
the waves convected at fluid speed, u. That is, there exists a large difference in the eigenvalues of the
convective flux Jacobians when the incompressible limit is approached. The largest eigenvalue tends to
approach the speed of sound, whereas the smallest eigenvalue approaches zero. The large difference of
the eigenvalues will exacerbate the condition numbers of the linearized system and create the analytical
stiffness[3].

In addition to the stiffness problem, the other issue of direct applying compressible flow equation to
incompressible flows is that the numerical dissipation is large at stagnation points. This is again because
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of the large difference between the speed of sound and flow speed. The large dissipation may distort the
solution of a wall boundary layer.

Preconditioning is to change the eigenvalues of the compressible flow equations system in order to
remove the large disparity of wave speeds. Usually, the system of compressible flow equations is precondi-
tioned by multiplying the time derivatives with a suitable matrix[4, 5, 6, 7, 8]. In recent years, considerable
progress has been made in the development of preconditioning methods for accelerating the convergence
of Euler and Navier-Stokes solvers at low Mach numbers. An excellent review is given by Turkel in [9].
The preconditioning methods have been used to conduct the large-eddy simulations of turbulent channel
flows and cylinder flows[10], the turbulent pipe flows[11], the turbulent flows over an airfoil and wing at
subsonic and transonic conditions[12], nonequilibrium condensate flows in a nozzle[13].

For the spatial discretization with preconditioning, the 2nd order central differencing is adopted by Choi
and Merkle [7, 14] and Bortoli[1]. The Roe-type flux-difference splitting (FDS) is used by Weiss and Smith
[8, 15, 16]. The third-order MUSCL extrapolation is used by Briley et al [17]. The flux-vector splitting
(FVS) is applied by Turkle et al [18]. Edwards and Liu[19] have extended the advective upwind splitting
method (AUSM) to all flow speeds. Nigro et al[20] combined the preconditioning mass matrix[7] with
an SUPG finite element formulation. Rossow[21] developed a blended pressure/density based approach,
the MAPS+ flux scheme in terms of Mach number. All these preconditioned methods employ 2nd order
schemes.

Many engineering applications may have discontinuities in the flows such as shock waves or contact sur-
faces. The essentially non-oscillatory (ENO) or weighted essentially non-oscillatory (WENO) schemes are
attractive for their capability to capture discontinuities and achieve the consistent high order accuracy in
smooth regions. By using a convex combination of all candidate stencils to replace the smoothest one in the
ENO scheme, a WENO scheme has more advantages over its ENO counterpart. For example, it approaches
certain high order accuracy in smooth regions and has better convergence due to the smoother numerical
flux used. From its appearance [22, 23] to present, the WENO schemes have been extensively applied to dif-
ferent flow problems in many areas. Engineering problems often have the compressible and incompressible
flow regimes existing simultaneously, including shock wave and contact surface (e.g. air/water interface).
To improve the simulation accuracy, it is very desirable to apply high order ENO/WENO schemes with
preconditioning to treat the complicated flows at all speed.

The implicit methods for compressible flow calculation have been widely employed due to their less
stiffness and faster convergence rate than the explicit schemes. The unfactored implicit Gauss-Seidel
relaxation scheme avoids the factorization error introduced by the approximate factoritation (AF) implicit
schemes and the lower-upper symmetric Gauss-Seidel (LU-SGS) method, and hence has larger time steps
with faster convergence rate[24, 25, 26, 27].

In this paper, a preconditioned 5th-order WENO scheme with the unfactored implicit Gauss-Seidel
relaxation scheme is developed to simulate the flows at all speeds. To our knowledge, this appears to
be the first effort to apply a high order WENO scheme with preconditioning. Several flows from very
low speed to supersonic speed are calculated with the present methodology to demonstrate its robustness,
accuracy, and efficency.

2 Governing Equations

The normalized Navier-Stokes equations governing compressible viscous flows can be written in the Carte-
sian coordinate as:
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The repeated index k stands for the Einstein summation over x, y and z. The stress 7 and heat flux ¢ are,
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where (i is the turbulence eddy viscosity calculated by Baldwin-Lomax(BL) model[28].

In the above equations, p is the density, u, v, and w are the Cartesian velocity components in x,y and
z directions, p is the static pressure, and e is the total energy per unit mass, u is the molecular viscosity,
J is the transformation Jacobian, v, Re, M, Pr and Pr; are the ratio of specific heat, Reynolds number,
freestream Mach number, Prandtl number and turbulent Prandtl number, respectively.

The dimensionless flow variables in the governing equations are defined as the following,
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where L is the reference length, the free stream conditions are denoted by the subscript co. For simplicity,
the subscript * is omitted in Eq.(1). In the generalized coordinates, Eq.(1) can be written as:
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For simplicity, the prime / in Eq.(2) will be omitted in the rest of this paper.

3 Preconditioned System

The preconditioned system for steady state flows in conservative form is obtained by multiplying the
preconditioning matrix I' to the time derivative terms of Eq.(2) to give
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The preconditioning matrix I" has various forms[4, 6, 7, 8], and is dependent on the choice of ¢q. This
paper adopts the method of Weiss and Smith described in Ref.[8]. The ¢ and I" are taken as the following,
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U, is a reference velocity. In this paper, the reference velocity proposed by Edwards and Roy|[19] is used:
U, = min[c,maz(|V|, k|Vs|)]

where, ¢ is the speed of sound, |V| = vu? + v2 + w? is the velocity magnitude, |Vo| is a reference velocity.
H is the total enthalpy, pr stands for 3—51, C) is the specific heat at constant pressure. k is a constant and
k = 0.5 is used in this paper.

4 Flux Difference Splitting and WENO Scheme

The Roe’s flux difference scheme [29] is used as the Riemann solver for the WENO scheme in this paper.
For the rest of the paper, we will take the flux in £ direction as the example to explain the numerical
methodology. Other directions can be obtained following the symmetric rule.



The preconditioned Roe scheme can be expressed as the following|8]:

1 _

SUE(a") + B(q") = A" — ¢")]iy 4 (4)
where )

A =T Mry|Ar| Mt

The subscript I" denotes that the diagonal matrix of eigenvalues and the eigenvector matrix are derived
from the preconditioned system.
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The analysis in the generalized coordinates is similar to that in Cartesian coordinates as given in
Ref.[8]. For an ideal gas, 3 = (yRT)~! = 1/c%. Thus, when U, = ¢, a = 0, and the eigenvalues of the

preconditioned system take their original form U + ¢,/&2 + 55 + &2 for compressible flows. At low speed,
as U, — 0, a — %, all the eigenvalues become the same order as U.

The high order accuracy of E; 1/, is obtained by achieving the high order accuracy of the left and right



conservative variables ¢* and ¢* using the WENO scheme described below. This procedure is similar to
the MUSCL scheme suggested by van Leer[30] and is adopted in [31].

The finite difference 5Sth-order accuracy WENO scheme suggested by Jiang and Shu [23] is used to
evaluate the conservative variables ¢* and ¢*. The WENO scheme for variable ¢” can be written as:
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where wq, w; and wy are the weights, and the gg, g1 and ¢o are the 3rd order accuracy reconstruction of
the variables in three different stencils. They are determined as the following,
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where C}, are the optimal weights with the following values:
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The 1.S;, are the smooth estimators determined as
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The € in Eq.(7) is introduced to avoid the denominator becoming zero. Jiang and Shu’s numerical tests
indicate that the results are not sensitive to the choice of € as long as it is in the range of 107° to 10~7. In
their paper[23],  is taken as 1075, In Ref. [31], the ¢ value of 10~2 suggested to surpress the oscillation of
1S, and improve the convergence and accuracy is adopted in this paper.

The uf is constructed symmetrically as ¢* about i 4+ 1/2.

4.1 The 4th-Order Schemes for Viscous Terms[31, 32]

A set of fully conservative 4th-order accurate finite central differencing schemes using the same stencil

width of the WENO scheme for the viscous terms is used in this paper. The scheme for the viscous

derivative term %—? in Navier-Stokes equations Eq.(2) can be written as the following,
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To obtain 4th order accuracy, R needs to be reconstructed as
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If Ry in Eq.(10) can be approximated with the accuracy order not lower than 4th order, the Taylor
expansion analysis of (9) and (10) will give the following relation[31, 32],
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i.e. the 4th order accuracy is achieved. It needs to point out that in Eq.(9), Ri_l /2 can not be replaced by
R;_1/2. Otherwise, the 4th order accuracy can not be achieved even though the high order approximation
of R;_1/5 is used.

In order to achieve the highest order accuracy of Ry with I =i—3/2,i—1/2,i+41/2, the approximation
of each component in Eq. (10) using all the involved points of the WENO stencil is given below:
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By choosing different ranges for (m,n), (r, s), (p, q) and different coefficients C’lI , DZI ,Cf, one can obtain
different order accuracy approximation to the viscous terms. The principle of choosing (m,n), (r, s), (p, q)
is to ensure that the approximation of %—?\i in Eq.(9) is a central differencing. For example, in this paper,
(m,n) =(-2,1),(r,s) = (—3,2),and (p,q) = (—2,2) are used, and they give[32],
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the coefficients C’lI , DlI ,Cf can be obtained by Taylor’s series expansion and are given in Tables 1-3. For
example,
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The other terms are determined similarly.

Table 1: The coefficients of Cl]

I C£2 C£1 Cé C{
i—3/2 | 5/16 | 15/16 | -5/16 | 1/16
i—1/2|-1/16 | 9/16 | 9/16 | -1/16
i+1/2 | 1/16 | -5/16 | 15/16 | 5/16

Table 2: The coeflicients of Dl]
I DT, DT, DI, | D} DI DI
i—3/2 | 71/1920 | -141/128 | 69/64 | 1/192 | -3/128 3/640
i—1/2|-3/640 25/384 -75/64 | 75/64 | -25/384 | 3/640
i+1/2|-3/640 3/128 -1/192 | -69/64 | 141/128 | -71/1920

Table 3: The coefficients of C}
Cey | C¢ | C5 | CF cs
1/12 | -8/12 | 0 | 8/12 | -1/12

Ref. [32] proved that the scheme of Eq. (9) is symmetric with respect to cell ¢ and is of 4th-order
accuracy. The symmetry of Eq. (9) satisfies the diffusion property of viscous fluxes.

5 Time Marching Method

The implicit fluxes given in Eq. (4) are treated as the following. The inviscid fluxes defined by Eq. (4) are
expanded in Taylor’s series about interface ¢ + 1/2,
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The first-order approximation is used for the implicit convective terms to enhance diagonal dominance.
That is:
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The fluxes F' and G are treated in the same way. The implicit viscous fluxes R, S and T are discretized
using 2nd order central differencing. Then the final implicit form is the following,
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cmq;fjf,gﬂ + C*qujff,ifl = RHS" (23)

The Gauss-Seidel line iteration in a certain sweep direction, for example, in & direction assuming the
sweeping from small index value to large one, can be written as

B-Aq'H  + BAGY + BYAGSL = RHS' (24)
where,
RHS' = RHS™ — AYAqly jp — A" AGH = CTAG 1 — CAG (25)

6 Results and Discussion

To demonstrate the effectiveness of the high order preconditioning methodlofy, the test cases include a
cavity natural convection flow, a subsonic flat plate turbulent boundary layer, inviscid transonic converging-
diverging nozzle flow, the transonic flow over RAE2822 airfoil, and the laminar wall boundary layer with
Mach number from 1073 to 2.0.

6.1 Cavity Natural Convection Flow

The first test case is a cavity natural convection flow induced by a temperature difference of 4 times on
the two vertical walls. This flow has very low velocity and is completely in the incompressible flow regime.
The configuration consists of two insulated horizontal walls and two vertical walls at temperature T} and
T., Ty, = 4T,.. A 100 x 100 uniform grid is used. In this paper, the natural convective flows at two Rayleigh
number, Ra = 10% and Ra = 10°, are calculated.

Excellent convergences are obtained as shown in Fig. 1 with CFL = 5.0. Figs. 2-5 show the stream-



line and temperature isolines. The preconditioning is critical as mentioned in the introduction for these
incompressible low speed flows to remove the stiffness so that the simulation can converge, and to reduce
the numerical dissipation of a Riemann solver at low flow speed. Fig. 6 is temperature isolines of Ra = 10°
with a finer mesh 200 x 200.

6.2 Wall Boundary Layer

The second case is a steady state laminar boundary layer flow on an adiabatic flat plate to test the
methodology for both compressible and incompressible flows. The Reynolds number based on the length
of the flat plate is 4.0 x 10%. The Prandtl number of 1.0 is used in order to compare with the analytical
solution. The computation domain is taken to be [0, 2] x [0,1.6]. The mesh size is 180 x 80.

Three cases with different incoming Mach number are calculated:
(1). M =2.0, CFL = 1000;
(2). M =10"% CFL = 10;
(3). M =103, CFL = 10.

Fig. 9 is the convergence histories of case (1) with Mach number of 2.0, the supersonic flat plate laminar
flow, with and without preconditioning. It shows that the precondition method has the same convergence
rate as the one without preconditioning. For this supersonic flow, the thin subsonic boundary layer has
created little stiffness and hence the advantage of preconditioning is not significant.

The velocity and temperature profiles of case (1) shown in Figs. 8 and ?? indicate that the numerical
results agree excellently with the Blasius solution.

Figs. 10 and 11 show the convergence histories of the cases with M = 1072 and M = 1073. It can be
seen that the residuals of the two cases do not reach machine zero as other examples. This is explained
by Choi and Merkle[7] due to the reason that, for low Mach number computations, the decreasing Mach
number results in the increased machine roundoff errors. It was shown that roundoff error begins to
dominate below M = 1073 and it increases proportionally with M?2. The cause of this roundoff error arises
from the calculation of pressure gradients. Using a gauge pressure is suggested to circumvent this problem,

p=p+7p (26)

where p is the gauge pressure and is an arbitrary constant. The fluxes ¢, E, F' and G then should be
redefined by using Eq. (26)[7].

In our computations, no gauge pressure treatment is used in order to have a fair comparison of the
convergence history. Figs. 10 and 11 indicate that the preconditioning solver drive the residual several
orders of magnitude lower that the one without preconditioning.

Figs. 12 and 13 are the comparisons of numerical results with Blasius solution for M = 1072 and 1073,
Figs. 12 shows that the flow solver without preconditioning can still accurately resolve the boundary layer
at M = 1072, However, the velocity profile in Fig. 13 demonstrates that, for the case with M = 1073, the
numerical solution without preconditioning is significantly diffused due to the large numerical dissipation,
whereas the preconditioned solvers accurately resolve the velocity profile.

6.3 Subsonic Flat Plate Turbulent Boundary Layer

A subsonic flat plate turbulent boundary layer is used to test the methodology with a RANS turbulence
model in compressible flow regime. The inlet Mach number is 0.5 and the Reynolds number is 4 x 109
based on the plate length. The computation domain is taken to be [0, 1] x [0, 1]. The mesh size is 180 x 80.
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The non-dimensional distance y™ of the first grid point to the wall is kept under 0.2. The Baldwin-Lomax
turbulence model is used. The flow is subsonic at inlet and outlet. The C'F L number of 200 is used.

The convergence histories are shown in Fig. 14 for both with and without preconditioning. It can
be seen that with preconditioning, the convergence rate is about 30% more efficient to drive the residual
to machine zero. The faster convergence may be attributed to the improved condition in the near wall
incompressible flow region.

Fig. 15 shows that both the results with and without preconditioning are identical and agree well with
the law of the wall.

6.4 Transonic Converging-Diverging Nozzle

To examine the performance of the preconditioning methodology in two-dimensional flow and the capability
to capture shock waves, an inviscid transonic converging-diverging nozzle is calculated. The nozzle was
designed and tested at NASA and was named as Nozzle A1[33]. Due to the geometric symmetry about the
center line, only the upper half of the nozzle is calculated. The mesh size is 175 x 50. The grid is clustered
near the wall. The inlet Mach number is 0.22. The C'F'L number of 5 is used.

Fig. 16 shows the Mach contours obtained by present preconditioning method. Fig. 17 is the com-
parison of the convergence histories with and without precondition. Similar to the flow of subsonic flat
plate turbulent boundary layer, the preconditioned convergence rate is again about 30% faster than the
one without preconditioning.

Fig. 18 shows the pressure coefficients at the upper wall surface. It can be seen that both the methods
with and without preconditioning obtain identical results.

Figs. 19 and 20 are the convergence history and the pressure coefficients distribution with a finer mesh
of 350 x 100. Same as the conclusion of coarse mesh 175 x 50, the preconditioned calculation is about 30%
faster than the one without preconditioning.

6.5 Transonic RAE2822 Airfoil

To further examine the preconditioning method for transonic compressible flows, the steady state solution
of the transonic RAE2822 airfoil is calculated using the Reynolds averaged Navier-Stokes equations with
the Baldwin-Lomax turbulence model. The mesh size is 256 x 55, the freestream Mach number M, is
0.729, the Reynolds number based on chord is 6.5 x 10%, and the angle of attack is 2.31°.

Fig. 21 shows the Mach contours obtained by present preconditioning method.

Again, from Fig. 22, we can see that the preconditioning method only needs about half of the iteration
numbers of the one without preconditioning to converge to machine zero.

Fig. 23 shows that both the results with and without preconditioning are identical and are in good
agreement with the experiment.

7 Conclusions

An unified algorithm is developed in this paper to calculate flow fields from very low speed incompressible
flows to supersonic compressible flows. The preconditioning matrix of Weiss and Smith combined with a
5th-order WENO scheme for inviscid flux and a fully conservative 4th order central differencing for viscous
terms are employed. The unfactored implicit Gauss-Seidel relaxation scheme is used for time marching.
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The numerical simulation of a natural convective incompressible cavity flow, low subsonic incompress-
ibe flows, transonic and supersonic compressible flows show that the preconditioning method is efficient,
accurate and robust, not only for the low Mach number incompressible flows, but also for the subsonic and
transonic compressible flows. For high subsonic and transonic flows, the preconditioning also accelerates
convergence due to reduced stiffness in near wall low speed region. For low speed incompressible flows,
the preconditioning is necessary not only to remove the stiffness, but also to reduce numerical dissipation
to ensure accurate results. Mesh refinement study is done for two selected cases, the natural convective
incompressible flow and the transonic nozzle flow. The suggested algorithm achieves excellent convergence
for both cases.
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