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Abstract

This paper has analyzed the weights of the 5th order WENO (weighted essentially non-oscillatory)
scheme suggested by Jiang and Shu and a modified smoothness estimator is suggested to improve the
accuracy. Several numerical tests are presented to demonstrate the accuracy and robustness of the new
scheme.

1 Introduction

For the numerical simulation of complicated flowfields, such as shock wave/boundary layer interaction and
shock wave/vortex interaction, it is required that the numerical schemes have the ability of shock capturing
and fine-scale feature capturing. Due to the capability of capturing shock waves and the uniformly high
order accuracy in the smooth regions, the WENO (weighted essentially non-oscillatory) schemes have been
widely used to study these flows[1, 2, 3, 4, 5, 6].

The WENO scheme concept was firstly proposed by Liu et al[7] and then greatly improved by Jiang and
Shu[l]. WENO schemes are based on ENO (essentially non-oscillatory) schemes[8, 9], but use a convex
combination of all candidate stencils instead of the smoothest one in the ENO schemes. The WENO
schemes have more advantages over their ENO counterparts. For example, they approach high order
accuracy in smooth regions and have better convergence rate due to the smoother numerical flux used.

Jiang and Shu[l] analyzed and modified the 5th WENO scheme proposed by Liu et al[7] and suggested
a new way of measuring the smoothness of a numerical solution. Thus a WENO scheme with the optimal
(2r — 1)th order accuracy rather than (r 4+ 1)th order is obtained. Henrick et al[10] pointed out that the
original smoothness indicators of Jiang and Shu fails to improving the order of WENO scheme at a critical
point, where the first derivatives is zero. A mapping function is proposed by Henrick et al[10] to obtain the
optimal order near critical points. Borges et al[11] devised a new set of WENO weights that satisfies the
necessary and sufficient conditions for fifth-order convergence proposed by Henrick et al[10] and enhances
the accuracy at critical points.

Ideally, the smoothness estimators ISi(k = 0,---,7 — 1) should be uniformly small in the smooth flow
regions and the magnitudes should be about the same (the difference is O(Ax?)). Under these condition,
the weights wy will approach the optimum weights C}, as wy, = Cj, + O(Ax"~1), and result in the 5th order
accuracy. Unfortunately, this is usually not true in the practical calculations due to the non-uniformity of
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flowfields and mesh size. There always exists a significant difference between the smoothness estimators
IS}, even in the smooth regions[12]. Very often, this difference is large enough to deviate the weights wy
from the optimum weights C and hence increase the numerical dissipation. One way to cure this problem
is to increase the € value as suggested in[12].

In this paper, a different approach to improve the smoothness estimators has been proposed to balance
the difference between the maximum and minimum values of I.S; to obtain better accuracy. This paper
mainly compares the numerical results of the smoothness estimators of Jiang and Shu [1] and the newly
suggested one. For the smoothness estimators of Borges et al[11], the accuracy can be also further im-
proved with the new treatment, especially for the solution with high wave number or shock waves. Some
comparisons with the scheme of Borges et al[11] are also given in this paper.

2 Analysis and Improvement of the 5th WENO scheme

The following hyperbolic conservation law is usually accepted as a model equation for Euler equation.
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with the initial condition
u(z,0) = up(x) (2)
Its general semi-discrete form can be written as
du; 1
d—tj = —E(hjﬂm —hji_1/9) (3)

The flux function f(u) can be split into two parts, i.e., f(u) = f*(u) + f~(u) with df " (u)/du > 0 and
df ~(u)/du < 0. And then the numerical flux function A, ;5 is obtained by

hjviye = h;r+1/2 +thji (4)

As in Ref.[1], only h;.:l /2 will be described in this paper, and the superscript “+” will be dropped. The
h

it /2 is evaluated following the symmetric rule about x ;1 /5.

2.1 The fifth-order WENO scheme

The numerical flux of the fifth-order WENO (r = 3)scheme of Jiang and Shu[l] is:

hiy1/2 = woqo + wiq1 + w2qe

where wg, wi and wy are the weights, and the gy, g1 and g2 are the 3rd order accuracy reconstruction of
the variables in three different stencils. They are determined as the following,
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where C}, are the optimal weights, which give 5th order central difference scheme, with the following values:

Cy=0.1, C;1 =06, Cy=03

and p = 2. The ISy are the smoothness estimators[1] determined as

r—1 . /2
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where h = Axz. pg(x) is the interpolation polynomial on stencil S, = (Tjip—ri1, ", Tjtk)s p,(fl) is the

Ith-derivative of py(x). For r = 3, Eq.(7) gives
13 , 1 )
IS0 = 5 (fi—2 = 2fj-1 + f5)" + 7 (fi—2 = 4fi-1 +31))

18 = (i1 = 205+ frs)? + (o1 — 455 + 3501
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The ¢ in Eq.(6) is introduced to avoid the denominator becoming zero. Jiang and Shu’s numerical tests
indicate that the results are not sensitive to the choice of ¢, as long as it is in the range of 1075 to 10",

In their paper, ¢ is taken as 1076,
If
ISy =D(1+0(Az" M), k=0,---,7—1,

then
w = Ck + O(Az"1)

where D is independent of r and k, and the accuracy of the WENO achieves 2r — 1 order.

Borges et al [11] devised a new set of WENO weights wy that satisfies the sufficient condition for

fifth-order convergence:
wE — Gy, = O(Az?)

by defining the new smoothness indicators 157 as

1Sy +¢
1S =—— — k=0,1,2
k IS]C—I—T5+€7 T
where
Ts = ‘IS()—ISQ|.

In reality, due to the non-uniformity of flow solution or finite grid size, there always exist variation
between ISy or IS} . Sometimes, the variation, even though small, is enough to make wy, largely deviate

from Cj..

In order to study the effects of 1.5, variation on wy,(the conclusion is also applicable to 1.57), we assume

that the influence of ¢ is negligible without losing generality, i.e. € = 0, and
max(ISy, -, 1S,—1) = (1 + ¢)min(ISo,---,1S,—1)

min(ISo,---,IST_l) 7& 0,¢ > 0

(8)



hence,
maz(1Sy, -+, 1S,_1)

-1
min(ISg, -+, 1S5-_1)

o=

and, define the ratio R as
min®(ISg,---,1S,_1) 1

~ maz2(ISo,- -+, 1S—1) (1+¢)?

According to Eq. (6), the closer the R to unity, the more uniform the .Sy are, and hence the closer
the wy to Ck, which will give the WENO scheme the minimum dissipation.

The ratio R vs ¢ is plotted in Fig. 1 as the curve of A = 0(A will be defined later). It can be seen that
the R starts to deviate from 1 when ¢ is equal to 1072, which means that the maz(ISp,---,1S,_1) is only
1% greater than min(ISy,---,1S,_1). In a discretized system, it is desirable to treat such a small difference
of the solution as a smooth solution with near central differencing to minimize numerical dissipation.

2.2 Improvement of IS

Based on above analysis, a modified 1.5}, is proposed to replace the ISk,
IS, = RoAmin(ISy,---,1S,_1) + IS}, (9)

where n(IS 15,.,)
mwn 0,"" ") r—1

Ry = 10

0 maz(1Sy, -+, 1S,—1) + & (10)

In Eq. (10), &’ is introduced to avoid the denominator becoming zero. In this paper, &’ is taken as 10710,
In Eq. (9), A is a constant parameter and will be discussed more later.

Corresponding to IS}, a new weight function «j, is defined as
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Clearly, the following conclusions apply:

if A— oo and min(ISy,...,I1S-1) #0, wr — Cy, the 5th order with optimal weights achieved
(13)

{ if A— 0 or min(ISp,...,1S—-1) — 0, aj, — oy, the original 5th order WENO achived

Similarly, the ratio R’ is defined as

,_mind(ISg, IS Tt
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Clearly, if A equals 0, then R’ becomes R, i.e., R’ = R = min?(ISy,---,1S,_1)/max*(I1Sy,---,1S._1).

Fig. 1 shows the ratio R’ with different A vs ¢. It can be seen that, when A is increased, the range of
R’ close to 1 is also increased. When R’ = 1, the WENO scheme has the optimum weights with minimum
numerical dissipation. In our numerical experiments, the solutions with discontinuity are still essentially



non-oscillatory with A up to 100. Moreover, Rg with 5 > 0 can be used to replace Ry in Eq.(9), and then
A can be even a larger number. In this paper, § =1 and A = 10 are used.

To demonstrate the different behavior of the new smoothness estimators in smooth regions, near critical
points and near discontinuities, we compute the weights wg, w1, and wy for the function

fo { sin?(2nx), 0<2<05 (14)

1 —sin?(2nx), = >0.5
at points x;,1/9 = (j +1/2)Azx with Az = 1/40.

Fig. 2 is the distribution of the weights wy and wj(ws = 1 —wp —w; is omitted in the picture). It can be
seen that in smooth regions, the weights computed with Eq. (12) are closer to optimal values than those
with original smoothness estimator. Near the discontinuity, the two estimators behave similarly.

2.3 Numerical Examples

In this paper, the 4th order Runge-Kutta-type method[13] is used for the time integration. For the ordinary
differential equation

du
-
o = L
the 4th order Runge-Kutta method is
uM) =" + AL (u™)
u® =™ + 1AtL( 1) (15)
u(3) =u” —|—AtL( @)
where L(u) is the operator of spatial discretization, At is the temporal interval.
2.3.1 Linear transport equation
As in Ref.[1], the linear transport equation is used to test the accuracy of WENO schemes.
ou Ou
—+—=0, -1< 1 16
ot + Ox ’ rs (16)

u(z,0) = ug(z), periodic

(1) Initial solution ug(z) = sin(nx)

In Table 1, the errors and accuracy of the WENO schemes at ¢ = 1 are compared with those of the
fifth order central differencing scheme. It can be seen that the present scheme with 1.5} and A = 10 gives
the uniformly 5th order accuracy similar to the central differencing. The original WENO scheme does not
achieve the expected 5th order accuracy on the coarse grid (N = 20).

The better accuracy with 1.5}, can be explained from Figs. 3-13. Fig. 3 shows that, near the critical
points with large variation of gradient, there is a significant difference among ISy, which result in the
ratio R = min?(ISy, ISy, 1S2)/max?(1Sy, 151,1Ss) deviated from 1. Hence, the numerical dissipation is
increased.

Fig. 4 shows that the difference among IS}, is much smaller. The R’ = min?(1S}, IS}, 155)/max?(1S}, 1S}, 155)
is essentially kept at value of 1 as shown in Fig. 13, whereas the R value determined by IS} is largely
shifted from 1.



Table 1: Accuracy on us + uy = 0 with ug(z) = sin(rx), t=1
e N L, error L order L4 error L order

Original 1.5y 10 | 0.295802E-01 — 0.159099E-01 —

20 | 0.145516E-02 4.345 0.738828E-03 4.429
40 | 0.459126E-04 4.986 0.222080E-04 5.056
80 | 0.147518E-05 4.960 0.690047E-06 5.008
160 | 0.435897E-07 5.081 0.216551E-07 4.994
320 | 0.127744E-08 5.093 0.677434E-09 4.998
640 | 0.365857E-10 5.126 0.210608E-10 5.007
present I1S), (A =10) | 10 | 0.888788E-02 — 0.553838E-02 —

20 | 0.259687E-03 5.097 0.163234E-03 5.084
40 | 0.838436E-05 4.953 0.489118E-05 5.061
80 | 0.272698E-06 4.942 0.152698E-06 5.001
160 | 0.842200E-08 5.017 0.478615E-08 4.996
320 | 0.261418E-09 5.010 0.149906E-09 4.997
640 | 0.793321E-11 5.042 0.468975E-11 4.998
Central-5 10 | 0.480067E-02 — 0.294034E-02 —

20 | 0.156312E-03 4.941 0.970183E-04 4.922
40 | 0.497645E-05 4.973 0.310914E-05 4.964
80 | 0.156236E-06 4.993 0.983828E-07 4.982
160 | 0.488801E-08 4.998 0.309373E-08 4.991
320 | 0.152795E-09 5.000 0.969814E-10 4.996
640 | 0.481115E-11 4.989 0.303622E-11 4.997

In Fig. 13, it can be seen that there is a large difference between the weights obtained by IS}, and I.5]..
The weights obtained by IS}, remain at the optimum values, whereas those obtained by the original .S}
deviate significantly from the optimum values and are also not smooth.

The accuracy using 1.5}, is thus higher than the original Jiang and Shu’s scheme due to less dissipation.
Even though both WENO schemes have 5th order accuracy on fine grid, the errors of present scheme are
about 1/4 of those of the original one as indicated in Table 1.

(2) Initial solution ug(z) = sin*(7z)

The comparisons of errors and accuracy-order is given in Table 2. For this testing case, the similar
conclusions as in example (1) can be observed except on the mesh size N=80. The accuracies of both
schemes on N = 80 degrade to 3rd order. This is caused by the very large difference between the ISy as
shown in Fig. 5. For example, at the point x5 = —0.0375, ISy is about 1000 times greater than I.Ss.
So the point is treated as a “discontinuity” point. With refined grid points, the difference become smaller,
and the accuracy order is restored to 5th order. Table 2 shows that the error using the suggested 15}, is
nearly one-order of magnitude lower than that of the original scheme.

(3) Initial solution ug(z) = sin(4rx)

This cases is used to test the accuracy of the present WENO scheme with increased wave number. The
comparisons of errors and accuracy-order is given in Table 3. Again, the original scheme can not obtain
5th order accuracy on the coarse grids such as N = 40 and N = 80. The present scheme achieves the
similar order of accuracy as the 5th order central differencing scheme. Similar to the conclusions drawn in
above two examples, the error of present scheme is about 1/4 of that of the original one.

The treatment suggested in this paper is also applied to the smoothness estimator of Borges et al[11].
Fig. 6 shows that the smoothness estimators of Borges et al[l1] with the new treatment improves the



Table 2: Accuracy on u; + u, = 0 with ug(x) = sin*(nz), t=1

€ N L, error L, order L4 error L4 order
Original ISy 20 | 0.106962E+00 — 0.489555E-01 —
40 | 0.890319E-02 3.587 0.363465E-02 3.752
80 | 0.169913E-02 2.390 0.477658E-03 2.928
160 | 0.681324E-04 4.640 0.148159E-04 5.011
320 | 0.176045E-05 5.274 0.386343E-06 5.261
640 | 0.287460E-07 5.936 0.908032E-08 5.411
present 1S5 (A =10) | 20 | 0.699319E-01 — 0.374434E-01 —
40 | 0.373100E-02 4.228 0.176131E-02 4.410
80 | 0.467889E-03 2.995 0.130560E-03 3.754
160 | 0.130532E-04 5.164 0.337469E-05 5.274
320 | 0.345754E-06 5.239 0.872902E-07 5.274
640 | 0.702410E-08 5.621 0.234445E-08 5.219
Central-5 20 0.518129E-01 — 0.330531E-01 —
40 | 0.245848E-02 4.397 0.150600E-02 4.456
80 | 0.831144E-04 4.887 0.506742E-04 4.893
160 | 0.264444E-05 4.974 0.159382E-05 4.991
320 | 0.830058E-07 4.994 0.498661E-07 4.998
640 | 0.259680E-08 4.998 0.155890E-08 4.999
Table 3: Accuracy on uy + u, = 0 with ug(x) = sin(4dnzx), t=1
€ N L, error L, order L4 error L order
Original IS}, 20 | 0.848441E+00 — 0.532581E+00 —
40 | 0.803166E-01 3.401 0.552895E-01 3.268
80 | 0.453987E-02 4.145 0.286306E-02 4.271
160 | 0.168606E-03 4.751 0.889742E-04 5.008
320 | 0.540834E-05 4.962 0.278472E-05 4.998
640 | 0.165847E-06 5.027 0.870152E-07 5.000
present IS} (A =10) | 20 | 0.717390E+00 — 0.450057E-+00 —
40 | 0.302780E-01 4.566 0.208502E-01 4.432
80 | 0.903444E-03 5.067 0.672305E-03 4.955
160 | 0.316272E-04 4.836 0.198621E-04 5.081
320 | 0.103186E-05 4.938 0.616205E-06 5.010
640 | 0.327245E-07 4.979 0.192318E-07 5.002
Central-5 20 | 0.410170E4-00 — 0.260707E+00 —
40 | 0.190679E-01 4.427 0.121625E-01 4.422
80 | 0.625103E-03 4.931 0.399214E-03 4.929
160 | 0.199056E-04 4.973 0.126431E-04 4.981
320 | 0.624942E-06 4.993 0.397008E-06 4.993
640 | 0.195521E-07 4.998 0.124312E-07 4.997




accuracy slightly for this case.

(4) Initial solution

%(G(w,ﬂ,z —0)+G(z,8,2+0) +4G(z,8,2)), —0.8<z < —0.6,
1

: 04<z<-02
up(xz) =<¢ 1—[10(x —0.1)|, 0<z<0.2, (17)
%(F(az, a,a0—0)+ F(z,a,a+9) +4F(z,a,a)), 0.4 <z <0.6,
0, otherwise

As in Ref.[1], the constants are taken as a = 0.5, z = —0.7, § = 0.005, a = 10, and 3 = log2/366°. The
solution contains a smooth combination of Gaussians, a square wave, a sharp triangle wave, and a half
ellipse.

The results at ¢ = 4 with 200 grid points are shown in Fig. 7. From the zoomed plots of Figures 8 and
9, it can be seen that, for the resolution of critical point and discontinuities, the result computed by the
present scheme is significantly more accurate than the original WENO scheme.

Again, the proposed new treatment is used for the scheme of Borges et al and the results at ¢ = 8
with 200 grid points are shown in Figs. 10-12. It can be seen that, for the resolution of critical point and
discontinuities, the substantially more accurate result is obtained by the new treatment.

2.3.2 Nonlinear Transport Equation

The nonlinear transport equation can be written as

with initial and boundary conditions
up(x) = 0.3+ 0.7sin(z), 0 <z < 27, periodic

The Lax-Friedrichs splitting method is used, in which f* = 3(f(u)+au), f(u) = 3u?, and a = maz,|f'(v)|.
Fig. 14 shows the results at t = 2 with grid number of N = 80. It can be seen that, near the two ends of
the shock, the solution calculated by the present scheme is closer to the discontinuous points than those
of the original scheme.

Fig. 15 shows the results of the scheme of Borges et al and the scheme with new treatment at ¢ = 2
with grid number of N = 40. The more accurate solution near the shock wave is also obtained by the
scheme with the new treatment.

2.3.3 Viscous Burgers Equation

The viscous Burgers equation is used to test the accuracy and the capability of capturing steady state
shock. The viscous Burgers equation is written as

ou ou 1 0%u

e = 2 a<x<b 18
8t+u8:r Reag? “=7%= (18)
with initial conditions
u(a) = tanh(—aRe/2), (19)
u(b) = tanh(—bRe/2).
The steady state solution of Eq. (18) and (19) is u(z) = tanh(—zRe/2). At x = 0, the shock is formed
when the Re number is large. In our computation, a = —1, b = 1, and Re = 1000 are taken, and the grid



number is N = 80. The central differencing scheme is used for the second-order viscous derivative. The
results are shown in Fig. 16. Again, both schemes capture the shock discontinuity very well.

Fig. 17 is the comparison of smoothness indicators of Borges et al with new treatment. The grid
number is N = 40. The solution is also improved by the new treatment.

2.3.4 1D Shock Wave Tube, Sod Problem

The governing equation for the 1D shock tube is the one-dimensional Euler equations,

U  OF

42— 20
ot o (20)
where
p pu
U=|pu |F=| pil+p |, p=(—1)(pe—pu?/2),y=14
pe u(pe + p)

The initial condition is
_ ) (1.0,0.0,1.0), x < 7.5,
(“%m_{an%ﬁaan,m>ra (21)
In this case, the Roe’s Riemann solver is used. The grid points is N = 200. Figs. 18 and 19 give the
density and velocity distribution. Both the original and the new scheme capture the shock and contact
surface very well.

2.3.5 1D Shock Wave Tube, Shu-Osher Problem
This problem is governed by the one-dimensional Euler equations (20) with following initial condition:

(3.857143,2.629369,10.3333), when x < —4,
(p,u,p) = { (1 + esin(5z),0.0,1.0), when x > —4. (22)
where, e = 0.2. This case represents a Mach 3 shock wave interacting with a sine entropy wave[9]. The
results at time ¢t = 1.8 are plotted in Figs. 20 and 21. The “exact” solutions are the numerical solutions of
the original WENO-5 scheme with grid points of N = 8000. For this case, it can be seen in Fig. 21 that
the present WENO scheme resolves the profile significantly better than the original WENO scheme, which
smears the profile due to high dissipation.

2.3.6 Two-dimensional Linear Conservation law with variable coefficients

The governing equation is

ou  I(—yu d(zu

ou_ d—yu)  Owu)

ot oz y
and the periodic boundary conditions are used. The initial condition is chosen as the characteristic function
of a circle with radius 0.5 as shown in Fig. 22. The problem represents a solid body rotation[14, 15]. The
results at ¢ = 2 in a 100 x 100 points grid are shown in Figs. 23-24. Note that in Fig. 24, the exact solution
at x = —0.52 is u(—0.52,y) = 0. It can be seen that, in the strong shock regions, the present WENO
scheme has the similar results as the original WENO scheme; in the smooth regions, the present WENO
scheme obtains more accurate solution.

=0, - 1<z,y<1. (23)



2.3.7 Two-dimensional Shock Reflection Problem

The governing equation is two-dimensional Euler equations

U O9E OF

i T I 24
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where
p . pv
U= | E= | TP L= |
pu pUv pv°+0p
pe u(pe + p) v(pe + p)

p=(v—1)(pe—p(u?+2?)/2), vy =14.

The initial condition is

(1.0,2.9,0.0,0.714286), ahead of the incident shock,

(pyu,v,p) = { (1.69997, 2.61934, —0.50633, 1.52819),  behind the incident shock. (25)

The incident shock angle is 29° and a free stream Mach number is 2.9. The computational domain is [4 x 1]
with uniform grid of 121 x 41 points. The Steger-Warming’s flux vector splitting method[16] is applied to
this case. Fig. 25 shows the pressure contours computed by the present WENO scheme. Fig. 26 shows
the comparison of the results of the two WENO schemes. Both results agree well with each other for this
case.

2.3.8 Two-dimensional Shock Vortex Interaction

The governing equations and the flux splitting method are the same as in section (2.3.7).

The problem is taken from Ref.[1]. It describes the interaction between a stationary shock and a vortex.
The computational domain is taken to be [0, 2] x [0, 1]. A stationary Mach 1.1 shock is positioned at x = 0.5
and normal to the x-axis. Its left state is (p,u,v,p) = (1,1.1,/7,0,1). A small vortex is superimposed to
the flow left to the shock and is centered at (x., y.) = (0.25,0.5). The vortex is described as a perturbation
to the velocity (u,v), temperature (T' = p/p), and entropy (S = In(p/p?)) of the mean flow and denoted
by the tilde values:

i = ere®=)sing
5 = —ere® =) cosf
G (v — 1)5262“(1_72)
4ary
S=0

where 7 =7 /r. and r = \/(x — 2.)? + (y — yc)?, € indicates the strength of the vortex, a controls the decay
rate of the vortex, and r, is the critical radius for which the vortex has the maximum strength. As in the
Refs. [1, 5], e = 0.3, r. = 0.05, and a = 0.204 are adopted in this paper. The uniform grid of 251 x 101 is
used. The time step is taken as follows[17]:

Ax Ay

At = 5ALA,, with 6, 5, = 2%
B T mazj(Juigl + i)’ Y max (v gl + cig) (26)

Figs. 27 and 28 are the pressure contours at ¢ = 0.35 and ¢ = 0.60. Figs. 29 and 30 are the comparisons
of the pressure between the present and the original scheme along the center line at y = 0.5. Fig. 29 shows
that the new scheme has the sharper shock profile. Fig. 30 indicates that the new scheme achieves lower
vortex core pressure due to smaller dissipation.
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3 Conclusions

This paper analyzes the smoothness estimators of the Jiang-Shu’s 5th order WENO scheme. It is observed
that the small variation between the smoothness estimators can significantly increase the numerical dissi-
pation of the WENO scheme. A modified smoothness estimators is suggested to reduce the variation and
make the weights close to the optimum value in smooth regions, which will give the minimum numerical
dissipation. The value of the parameter A at 10 ~ 100 is recommended to improve the accuracy in the
smooth region and maintain the sensitivity to shock or contact surface discontinuities. This new treatment
to improve the smoothness estimators is applicable to the original smoothness estimators of Jiang and
Shu[l], and to the recent smoothness estimators of Borges et al[11]. The numerical results indicate that
using the modified smooth estimators has improved the accuracy due to the reduced numerical dissipation.
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