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Abstract

This paper is to compare the performance of recently developed low diffusion E-CUSP (LDE)
scheme and Roe scheme when they are coupled with Spalart-Allmaras one equation turbulence
model. The purpose is not just to understand their performance for RANS calculation. Such
understanding is very useful for Detached Eddy Simulation(DES), for which the Spalart DES
model is numerically based on Spalart-Allmaras one equation turbulence model. The algebraic
Baldwin-Lomax turbulence model is also used as a reference to compare their numerical per-
formance. The implicit Gauss-Seidel Line relaxation is used for time marching. For the Roe
scheme, the implicit Jacobian matrix is based on the Roe scheme itself. For the LDE scheme,
the implicit Jacobian is based on the Van Leer’s flux vector splitting scheme. The finding of this
research is: for the Baldwind-Lomax model, which does not introduce extra transport equation,
both the LDE and the Roe scheme can use high CFL numbers and achieve high convergence
rates; for the Spalart-Allmaras one equation turbulence model, the extra equation changes the
Jacobian of the Roe scheme and weakens the diagonal dominance. It reduces the maximum
CFL number permitted by the Roe scheme and hence decreases the convergence rate. The
LDE scheme is only slightly affected by the extra equation and maintain high CFL number and
convergence rate. Several 2D and 3D problems are calculated.

1 Introduction

Developing accurate and efficient numerical scheme remains an important issue because of the com-
plexity of flows and geometries in practical engineering problems. The approximate Riemann solver
scheme suggested by Roe [1] is widely used for compressible flow computation due to its low diffusion
[2] and capability to capture the exact shock and contact discontinuities.
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However, the Roe scheme requires the calculation of the dissipation matrix, which is quite CPU
time consuming. In addition, when extra equations are added such as for calculations of RANS
turbulence models or chemical reaction, the eigenvalues and eigenvectors need to be re-derived,
which makes the application of Roe scheme not straightforward for complicated flows.

To overcome these drawbacks, many efforts have been made to develop upwind schemes without
the matrix operation for the dissipation terms. The research in this direction includes the pioneering
work of the AUSM family scheme developed by Liou et al[3, 4, 5, 6], Jameson’s CUSP schemes|[7, 8],
Edwards’ low diffusion flux-splitting scheme[9, 10|, and the E-CUSP schemes of Zha et al. [11, 12,
13, 14], etc.

Recently, the Detached-Eddy Simulation(DES) of turbulence proposed by Spalart[15, 16] has
attracted great interest as a compromise of CPU cost and accuracy between Reynolds averaged
Navier-Stokes(RANS) model and large eddy simulation (LES). Currently, many of the DES sim-
ulations rely on the Spalart-Allmaras (S-A) one equation turbulence model to calculate the eddy
viscosity near the wall and the sub-grid scale stresses away from the wall[17, 18, 19, 20, 21].

As a first step to implement the DES model, this paper investigates the numerical performance
of the recently developed low diffusion E-CUSP scheme [14] and the popularly used Roe scheme
when they are coupled with the Spalart-Allmaras one equation turbulence model. In this paper,
it is observed that the LDE scheme is more efficient and easier to be implemented with one extra
equation for the turbulence model. The LDE scheme is demonstrated to work very well for DES using
the Spalart-Allmaras (S-A) one equation turbulence model with the high order weighted essentially
non-oscillatory (WENO) scheme|[21].

2 Governing Equations

The governing equations are the Reynolds Averaged Navier Stokes(RANS) equations coupled with
the S-A one equation turbulence model[22]. In generalized coordinate system, the conservative form
of the equations are given as the following:
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In the equations above, U, V and W are the contravariant velocities in £, n and ¢ directions.
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where V = (u,v,w) is the velocity vector, I, m, n are the normal vectors on £, 7, { surfaces with
their magnitudes equal to the elemental surface area and pointing to the directions of increasing
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l;, my, ny stand for the grid moving velocities and are defined as
l, = %dndg %dgdc, _ 4 2dgdy (10)

When the grid is stationary, I, = m; = z; = 0.

Since A = Anp = A = 1 in the current discretization, Eqs.(9) and (10) are written as the
following in the solver,
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The shear-stress 7;;. and total heat flux ¢ in Cartesian Coordinate can be expressed as
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where, Pr is the Prandtl number, Pr, is the turbulent Prandtl number, p is the molecular viscosity
determined by Sutherland law and p; is the turbulent viscosity determined by S-A model,

pe = pv fo1 (15)
The kinematic viscosity v is defined as
I
V== (16)
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In eqgs.(4), (6), (13) and (14), the repeated subscripts ¢ or k represent the coordinates z, y
and z following Einstein summation convention. Eqs.(13) and (14) are transformed to generalized
coordinate system in computation.

The sixth equation of the governing equations (1)-(5) is the S-A one equation turbulence model[22].
The functions in the equation are given as

ANEAN

%
f~v1 = X3+C3)0 X =
— v — X
S=5+ Ren2d2f;1’2’ fv2 =1- THxfo1

1+C6., 16 o
fo=9|gmd]" 9=+ Cun (F =1, v = 5dan (17)

fn = Cugrexp {_Cﬂﬁ (d2 + thdtQ)} ) g = Tun (0'1’ MAALZH)
fio = Cigexp (_Ot4X2)

2 2 2
where, S = \/(?;;’ — %Z) + (% — %) + (% - g—Z) is the magnitude of vorticity which is also

transformed to generalized coordinate system, w; is the wall vorticity at the wall boundary layer trip
location, d is the distance to the closest wall. d; is the distance of the field point to the trip location,
AU is the difference of the velocities between the field point and the trip location, Az, is the grid
spacing along the wall at the trip location.

The constants in S-A model are set to have the values as the following

o =2, Cy =0.1355, Cyp =0.622, K =041, C,y = 7.1,
Cwt = Cpi/k* + (1 + Cha) Jo, Cuo = 0.3, Cyz = 2,
Ctl = 1, Ct2 - 2, Ctg - ]_2, Ct4 = 05

For large r, f, reaches a constant. So if r > 10, we let r = 10.



3 The Numerical Method

The inviscid fluxes are evaluated using Van Leer’s 3rd order MUSCL scheme|[23] based on the LDE
scheme and Roe scheme given below. The viscous term are discretized using 2nd order central
differencing scheme.

3.1 The LDE Scheme [14]

The basic idea of the E-CUSP scheme is to split the inviscid flux into the convective flux E¢ and
the pressure flux EP. With the one extra equation from the S-A model, the splitting is basically the
same as the original scheme and is straightforward. In generalized coordinate system, the flux E can
be split as the following
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The convective term, E° is evaluated following the Edward’s H-CUSP LDFSS [9, 10],
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where ¢ = \/yRT is the speed of sound. Then the convective flux at interface % is evaluated as:

E§ = Cy [pC* fi + prC™ f] (22)

where, the subscripts L and R represent the left and right hand sides of the interface.

The interface speed of sound is

C1 — % (Cy+ Cp) (23)
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The following relations borrowed from Edwards LDFFS scheme [9, 10] to express the formulations
from —oco < M < oo are used,
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The pressure flux, E? is evaluated as the following
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The pressure splitting coefficient is:
+ 1 2
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For the pressure term in the energy equation, the contravariant speed of sound C' is consistent
with U and is calculated as:

C=0C-1, (28)
St =a" (1 + B) M — BM]p g (29)
where
_ U
M = = (30)

and the & and (3 are evaluated based on M using the formulations given in eq. (24). The use of
U, C and M in the pressure term for the energy equation is to take into account of the grid speed so
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that the flux will transit from subsonic to supersonic smoothly. When the grid is stationary, {; = 0,

C=C,U=U.

The LDE scheme can accurately resolve wall boundary layer profiles, capture crisp shock profiles
and exact contact surfaces [14] with low diffusion.

3.2 The Roe Scheme

Roe suggested his approximate Riemann solver in 1D form in 1981[1]. Take ¢ direction as the

example, the flux at interface % is calculated as the following

B+ Br+ TIAT™ (Qu — Qn) (31)
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Let A = g—g be the Jacobian matrix with the extra equation of S-A model. A is a 6 X 6 matrix
and has the foorm A = TAT~!, where T is the right eigenvector matrix of A, A is the eigenvalue
matrix of A. T and A have the same expression as T and A, but the variables are replaced by their
corresponding Roe-averaged counterparts. A and T are given as the following
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1 is the unit vector normal to ¢ surface pointing to the direction that & increases,

< 1
1= — (36)
1
m, n and 1 are mutually orthogonal unit vectors, that is lern = 0, len = 0, men = 0.

Let V = (u,v,w) be the velocity vector, U, V and W are then determined by,

U=V-1 (37)
V=V-m (38)
W=V-i (39)

To preserve the low diffusion of the Roe scheme, no entropy fix is used with the Roe scheme.

3.3 Implicit Time Integration

In the current work, the finite volume method is used to discretize the governing equations for steady
state solution. To achieve high convergence rate, the implicit time marching scheme is used with
the unfactored Gauss-Seidel line relaxation. To enhance diagonal dominance, the first order Euler
method is used to discrete the temporal term

n+1

BQ Q)+ (Buy By + (B~ Fg)"™ + (G = Gy
= e |(Rey = Ry) " 4 (S50 = 85) " o+ (T~ Tiy)™ 4 DAV

J J

(40)

where n and n + 1 are two sequential time levels with a time interval of At.

The first-order Taylor expansion for n + 1 time level is used for all inviscid and viscous terms
above. The discretized equations are given as the following
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where RHS"™ is the summation of all the terms on the right hand side (RHS) of the equation.
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The Gauss-Seidel line relaxation is applied on each direction respectively and is swept forward
and backward once within each physical time. For example, if the sweeping is in ¢ direction from
smaller index to larger one, eq.(41) will be

B~ A ;fj_ll,,g + BAQM + B*AQZ}:}M = RHS' (43)
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where, B = I + A+ B + C. The terms in the neighboring cells in i and % directions are absorbed
into RHS™ as RHS’,

RHS' = RHS" — ATAQ?,, 1, — A"AQML  — CTAQE, 1y — C~AQMT, (44)

The unfactored implicit Gauss-Seidel line relaxation employed in this paper is significantly more
efficient than the LU-SGS implicit scheme[25].

3.4 Initial and Boundary Conditions for Spalart-Allmaras one equation
Turbulence Model

In S-A one equation turbulence model, the trip point need to be specified before computation. This
is not straightforward to do because the exact position of the trip point is not known in most of the
cases. Thus, a full turbulent boundary layer is used in this paper by setting Cy; = 0 and Ci;3 = 0.
No trip point needs to be specified

It is observed that the S-A one equation turbulence model is sensitive to initial field. If the initial
field of 7 is set to a small value, e.g. 7 < 1, the solution may converge with 7 = 0, which is the trivial
solution of 7 when C} = Ci3 = 0. This will result in a laminar flow solution. If the initial value is
too large (7 > 3), the computation may diverge. In addition, setting up the initial value of & also
depends on the schemes to be used. For example, if the initial value of 7 is set to 1, the LDE scheme
converges to a correct answer. However, for the subsonic flat plate turbulent boundary layer flow
and RAE2822 airfoil, the Roe scheme will converge to a laminar flow solution. In our computation,
it is found that it is generally safe to set the initial value of 7 to 2.

The boundary conditions of 7 are given as the following

at walls : v=>0
far field inflow : v =10.02
far field outflow : v is extrapolated

4 Results and Discussion

Several 2D and 3D cases have been computed using the LDE scheme and the Roe scheme to com-
pare their performance. Both S-A one equation model and B-L algebraic model are used for the
computation.

4.1 Subsonic Flat Plate Turbulent Boundary Layer Flow

The subsonic flat plate is used to examine the performance of the LDE scheme for turbulent boundary
layer. The mesh size is 80 x 60. The y™ of the first cell center to the wall is kept less then 1.0. The
Reynolds number is 4 x 10° based on the length of the plate. The inlet Mach number is 0.5.

As shown in Fig. 1, both the computational results of LDE scheme and the Roe scheme agree
well with the law of the wall using S-A model. They are slightly better than the results using B-L
model in the transition region from the linear viscous sublayer to log layer. With the B-L model,
both schemes can use a large CFL number(> 100). With the S-A model, the CFL number can be



set to 100 for LDE scheme. But for Roe scheme, it can be only set to about 10. That means the
Roe scheme needs more time steps to converge a result than the LDE scheme and hence, need more
computational time. Fig. 2 shows the solution residuals of the LDE scheme and the Roe scheme for
S-A and B-L turbulence model. The LDE scheme only use about % of the CPU time required by the
Roe scheme.

4.2 RAE2822 Transonic Airfoil

The RAE2822 transonic airfoil is used to compare the performance of the LDE and Roe scheme
with S-A model for computing 2D turbulent transonic flows. The mesh is a two-block O-grid with
dimensions of 2 x (129 x 56) as shown in Fig. 3. The Reynolds number is 6.5 x 10° based on the
chord length. The Mach number is 0.729. The angle of attack is 2.31°.

Fig. 4 shows the convergence histories of the LDE scheme and the Roe scheme. The maximum
CFL number that the Roe scheme can use is 6.0, whereas the LDE scheme can use 10. The LDE
scheme achieves significantly faster convergence rate and lower residual level. Fig. 5 presents the
comparison of pressure coefficients between the experimental data and computation results. The
results of the LDE scheme and Roe scheme are virtually identical and the predicted shock locations
agree well with the experiment.

4.3 Transonic Inlet-Diffuser

The transonic inlet-diffuser is used to examine the performance of the LDE scheme for shock wave/turbulent
boundary layer interaction. The mesh is a single-block, 2D H-grid with dimension of 193 x 97 (Fig. 6).

The Reynolds number is 4.38 x 10° based on the throat height. The inlet Mach number is 0.5. The

exit back pressure equals to 0.72 times of the inlet total pressure.

Fig. 7 presents the comparison of the experimental data and the computational results. It shows
that, with the S-A model, the LDE scheme and Roe scheme have nearly identical results. The S-A
model predicts the results significantly better than the B-L model. Fig. 8 is the Mach contours
of the LDE scheme, which indicates that the upper wall boundary layer is separated due to the
shock/boundary layer interaction. This case shows that the turbulence model is a critical factor for
the prediction accuracy of the shock wave/turbulent boundary layer interaction.

4.4 Transonic ONERA M6 Wing

The transonic ONERA M6 wing is calculated to examine the performance of the LDE scheme for three
dimensional cases. The mesh is a two blocks, O-grid with the dimensions of 2 x (72 x 60 x 40)(Fig. 9).
The Mach number is 0.8395. The Reynolds number is 1.97 x 107. The angle of attack is 0°.

Fig. 10 presents the comparison of the pressure distribution between the experiment and compu-
tation at the different sections. The location of z/b = 0.2 is near the root and z/b = 0.99 is near the
tip of the wing. The computation results agree well with the experimental data except at the section
of z/b=0.8, where the double-shock pattern is not well resolved as most of other CFD simulations.
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4.5 3D Transonic Channel Flow

The 3D transonic channel flow is used to examine the performance of the LDE scheme and the Roe
scheme for 3D shock wave/turbulent boundary layer interaction problems with S-A model. A single
H-grid with the dimensions of 90 x 60 x 60 is used in the computation(Fig. 11). The Reynolds number
is 10° based on the entrance height. For boundary conditions, the total pressure, total temperature
and flow angle are fixed at the inlet and the static pressure at the outlet is adjusted to match the
position of the shock wave obtained by the experiment.

Fig. 12 to Fig. 14 present the comparison of the Mach number contours between experiment and
computation at three spanwise sections. The computed shock wave structures of LDE scheme and
the Roe scheme agree well with each other and are similar to that of the experiment. At the two
locations close to the side wall at z = 60mm and z = 90mm, both the computations over predict
the size of separation zone. At the mid section z = 70mm, the predicted separation size and pattern
agree well with the experiment.

5 Conclusions

A low-diffusion E-CUSP (LDE) scheme coupled with Spalart-Allmaras one equation turbulence model
has been examined by 2D and 3D problems. Since LDE scheme has no matrix operation and the
allowable CFL number is larger than that of the Roe scheme, the computational efficiency is signifi-
cantly higher.

For the subsonic flat plate turbulent boundary layer flow, both the LDE and the Roe scheme have
obtained basically identical results and all agree well with the law of the wall. However, the CPU
time of the LDE scheme is only about 1/5 of the Roe scheme. For the RAE2822 airfoil, both the
results using the LDE and the Roe scheme agree well with the experiment. Again, the LDE scheme
achieves significantly better convergence rate and less CPU time with the L2-Norm residual converged
to lower level. For the 2D inlet diffuser, the results with S-A model are significantly better than the
results with B-LL model. Both the schemes give the results in good agreement with the measured
results of the shock wave/turbulent boundary layer interaction. For the 3D transonic ONERA M6
wing, the computational results also agree well with the experiment. For the 3D transonic channel
flow, the computed shock wave structure using LDE scheme is nearly the same as that using the Roe
scheme and is similar to the experiment. In the middle section, the predicted separation behind the
throat using both the LDE and Roe scheme agree well with the experiment. In the section near the
wall, the predicted separation zone is larger than the measured separation one.

In conclusion, the LDE scheme coupled with S-A one equation turbulence model is shown to be
accurate, efficient and robust for 2D and 3D transonic viscous flow computation.
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Figure 1: Comparison of velocity profiles
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Figure 3: 2-Block grids for RAE2822
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Figure 4: The L2 solution residual history of
RAE2822
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tribution of RAE2822
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Figure 7: Upper wall pressure distribution of
the inlet diffuser
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Figure 6: The mesh for 2D Inlet diffuser
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Figure 8: The contours of the Mach number
for inlet diffuser
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bution of M6 wing
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Figure 11: Transonic duct 3D mesh
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