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Abstract

This paper analyzes 2D differential and integral wall jet momentum equations for separation control.
The analysis is used to investigate the separation control mechanism of co-flow wall jet, which utilizes
an upstream tangential injection and downstream streamwise suction simultaneously to achieve zero-
net-mass-flux flow control. The previous separation control guideline to obtain negative ∂u2/∂y2 at the
wall is found to be excessive for energy expenditure and may not be achievable, because ∂u2/∂y2 > 0 is
necessary in adverse pressure gradients at the wall regardless the flow is separated or attached. A more
energy efficient separation control criterion is suggested to seek an attached elevated flow with τw > 0 and
∂u2/∂y2 ≥ 0. The co-flow wall jet working mechanism includes three factors to offset adverse pressure
gradients: 1) The spanwise vorticity established at the wall by the injection and suction is essential
to enhance turbulent diffusion and the wall vorticity flux via the suction. 2) The streamwise mass flux
provided by the wall jet enhances the streamwise inertia force. 3) The adverse pressure gradient enhances
the streamwise inertia force and turbulent diffusion, which offset the adverse pressure gradient itself.
Co-flow wall jet has a mechanism to grow its control capability with the increasing adverse pressure
gradient. The NASA hump is numerically simulated and validated to support the theoretical analysis
based on 2D Unsteady Reynolds averaged Navier-Stokes equations. The numerical analysis indicates
that the turbulent diffusion plays the most dominant role to offset adverse pressure gradient.
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Nomenclature

AFC Active Flow Control
APG Adverse pressure gradient
BC Boundary condition
C The hump chord length
Cµ Jet momentum coefficient, ṁj Uj/(qref S)
CFWJ Co-flow wall jet
FASIP Flow-Acoustics-Structure Interaction Package
FPG Favorable pressure gradient
INJ Injection
SUC Suction
h Slot height
LE Leading Edge
LHS Left Hand Side
Ma Mach number
Re Reynolds number
RHS Right Hand Side
S Inertia force
URANS Unsteady-Reynolds-Averaged Navier-Stokes
Vj Injection Jet velocity
Uref Reference velocity at inlet
U∞ Freestream velocity away from wall
V P Velocity Profile
ZNMF Zero-Net Mass Flux

Greek

δ∗ Displacement thickness
γ Air specific heats ratio
η CFWJ pumping system efficiency
ρref Reference density
θ Momentum thickness
τw Wall shear stress

Subscript

c Corrected to include the active flow control power
D Differential momentum equation
I Integral momentum equation
j Injection Jet
t Total value
ref Reference parameters at hump inlet
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∞ Freestream flow away from the wall
w Wall

1 Introduction

Active Flow Control (AFC) has the potential to break through conventional fluid mechanics limitations
and provides significant performance improvement to fluid systems [1]. AFC is to transfer external energy
to the controlled flows in order to improve the performance of the flow systems. Since flow separation
was first addressed by Prandtl [2], separation control has been an important application area of AFC.
Understanding the separation control mechanism is of great importance for engineering practice to design
a high efficiency flow system.

For turbulent boundary layer flow separation, achieving ∂2u/∂y2 < 0 based on the following wall bound-
ary layer momentum equation has been used as the guideline for separation control as suggested by Gad-
el-Hak and Bushnell [1, 3]:

ρvw
∂u

∂y

∣∣∣∣
y=0

−
(
∂µ

∂y

∂u

∂y

) ∣∣∣∣
y=0

+
∂p

∂x

∣∣∣∣
y=0

= µ
∂2u

∂y2

∣∣∣∣
y=0

(1)

Fig. 1 (a) shows a concave velocity profile of an attached wall boundary layer with ∂2u/∂y2 < 0. Fig.
1 (b) shows a boundary layer at the onset of flow separation with ∂2u/∂y2 > 0 at the wall. Since the
velocity far away from the wall must follow the main stream, the velocity profile must return to concave
shape with an inflection point close to the wall. Eq. (1) indicates if the adverse pressure gradient (APG) is
further increased beyond the separation onset value, the boundary layer will be separated with the velocity
immediately above the wall having reversed direction, which will necessarily generate a positive ∂2u/∂y2

at the wall [1, 3]. Gad-el-Hak and Bushnell [1, 3] point out that ∂2u/∂y2 < 0 on the wall is a sufficient
condition of an attached boundary layer. They stated their separation control guideline as “Namely, the
objective is to keep [∂2u/∂y2]y=0 as negative as possible, or in other words to make the velocity profile as
full as possible.”[1] (p163).
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(a) Attached flow

(b) Separation onset

Figure 1: Velocity profiles with different flow conditions

Schlichiting and Gersten [4] (p166) give the compatibility condition at the wall,

∂p

∂x

∣∣∣∣
y=0

= µ
∂2u

∂y2

∣∣∣∣
y=0

(2)

Eq. (2) can be directly obtained from Eq. (1) based on no slip wall condition and constant molecular
viscosity within the viscous sublayer. This is a general equation for 2D flows regardless the flow is laminar
or turbulent, separated or attached. It indicates that the sign of ∂2u/∂y2 at the wall is determined by
the pressure gradient. The attached flow condition of ∂2u/∂y2 < 0 shown in Fig. 1 (a) means the flow
has a favorable pressure gradient (FPG) and the velocity profile is “full” with no inflection point. For a
flow in adverse pressure gradients (APG), ∂2u/∂y2 must be positive. Since flow separation can only occur
in adverse pressure gradients [4], using ∂2u/∂y2 < 0 as separation control guideline is thus not related to
the flow condition to be controlled. It requires that the flow is altered to have a local FPG, which may
consume an excessive power. The main flow field pressure gradients are determined by the geometries and
boundary conditions. Changing the pressure gradient locally may not even be achievable by active flow
control because the main flow may have a high mass and momentum. Overall, there seems lack of a well
defined criterion for separation control.

The purpose of this study is to investigate the Co-flow Wall Jet (CFWJ) AFC separation control mech-
anism. CFWJ is a recently developed zero-net-mass-flux AFC, which is shown to have high control ef-
fectiveness and low energy expenditure for airfoil lift enhancement, drag reduction, stall AoA increase,
and separation removal [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. As sketched in Fig. 2 for an example of
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CFWJ airfoil, CFWJ AFC draws a small amount of mass flow near the airfoil trailing edge, pressurizes
and energizes it using a micro-compressor system embedded inside the airfoil, and then tangentially injects
the same mass flow near the leading edge in the main flow direction.

Figure 2: Schematics of the CFWJ airfoil

As shown in Fig. 2 , the co-flow wall jet has a tangential injection to the wall surface with a streamwise
suction downstream. Hence the CFWJ is categorized as a wall jet. In this paper, the term “co-flow wall
jet” means the same as the “co-flow jet (CFJ)”, which is used in other previous publications [5, 6, 7, 8,
9, 10, 11, 12, 13, 14, 15, 16], CFWJ and CFJ are interchangeable. Since jet injection usually destabilizes
the flow and makes the boundary layer turbulent, it is useful to give a brief overview of turbulent wall jets
below.

1.1 Turbulent Wall Jets

Launder and Rodi [17] define a wall jet as a “boundary layer in which, by virtue of the initially supplied
momentum, the velocity over some region in the shear layer exceeds that in the free stream”. A wall jet
can be viewed as having two shear layers: 1) the inner layer similar to conventional turbulent boundary
layer; 2) the outer layer that is more like a free shear layer. As indicated by Launder and Rodi [17], the
essential difference of a wall jet from conventional boundary layer is that the shear stress of the inner layer
and outer layer has opposite sign and the maximum shear stress of the outer layer is usually several times
larger than the wall shear stress. This also means that the inner and outer layer have opposite spanwise
vorticity sign or counter rotating vortices. A turbulent wall jet always has a strong interaction between the
two layers, which results in a shift of the zero shear stress position from the position of maximum velocity
(where it would occur for a laminar wall jet) to a position beneath it [17, 18].

Wall jets are widely used for flow control such as the circulation control airfoil [19, 20, 21], co-flow jet
active flow control [5, 6, 7, 8, 9, 10, 22], and aircraft upper surface blowing [23, 24, 25, 26]. There is a rich
literature on wall jet studies pioneered by Forthmann with his first paper on wall jet in 1936 [27]. There
are multiple wall jet studies after, including the important contributions of Glauert [28], Launder and Rodi
[17], Bradshaw and Gee [29], McGahan [30], Newman [31], Patel and Newman [32], Irwin [18], Neuendorf
and Wygnanski [33], Zhou et al [34], and Katz et al [35]. Most of these studies are focused on understanding
of the fundamental physics behaviors of the wall jets either with or without external streams, such as the
velocity scaling law, skin friction, eddy viscosity and shear stress distribution, shear layer growth rate,
forced excitation, etc. Very few of the studies address the wall jet mechanism for separation control, even
though it is well recognized that wall jet is effective to suppress flow separation due to energizing the
boundary layer.

5

D
ow

nl
oa

de
d 

by
 G

ec
he

ng
 Z

ha
 o

n 
Ju

ly
 3

1,
 2

02
1 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
02

1-
29

46
 



Among the various turbulent wall jet studies, the research of McGahan [30] is one of the few that
investigates flow separation suppression from a wall jet perspective. McGahan experimentally tested several
injection locations of the wall jet, including one at far upstream of the separation onset point, one at
upstream and close to the onset point, and one at the separation onset point. McGahan claims that
the most effective and efficient injection location is the one upstream and close to the separation onset
point. McGahan also observes that a larger injection slot size reduces the required power for injection. He
mentions that there should be an optimum slot size. Other than the general statement of energizing the
boundary layer by tangential blowing, McGahan does not reveal the physical role how the wall jet suppress
the flow separation. The criterion of the separation onset point used by McGahan [30] is the inception of
the measured pressure plateau, which is usually a little downstream of the actual separation onset point
with zero wall shear stress. His conclusions on the wall jet relative position about the separation onset
point hence may not be accurate.

1.2 Co-Flow Wall Jet

As previously described, CFWJ AFC always comes in pair with an injection and suction to form a closed
mass conservation system on the flow control plane. In other words, the CFWJ is a ZNMF flow control
that combines the features of wall jets and boundary layer suction. Fig. 3 are the sketches showing the wall
velocity profiles alternated by the CFWJ injection and suction effects: a) the boundary layer at separation
onset with no CFWJ; b) the injection wall jet of CFWJ that shows a typical wall jet velocity profile with
three counter rotating vortex layers. Establishing the near wall surface clockwise vorticity is necessary to
attach a flow. The stronger the injection jet, the greater the vorticity; c) the streamwise suction of CFWJ.
The CFWJ suction is located downstream to “pull” the flow in the streamwise direction. It also enhances
the clockwise vorticity near the wall surface. The CFWJ suction is different from some widely used suction
flow controls that withdraw the flow into the wall perpendicularly. It is thus termed streamwise suction.

(a) Without CFWJ (b) CFWJ injection (c) CFWJ suction

Figure 3: Sketches for the CFWJ injection and suction effects

In the previous experimental and numerical studies [8, 9, 36, 37], it is observed that the CFJ airfoil can
achieve a maximum lift coefficient exceeding the theoretical limit of potential flow, CLmax = 2π(1 + t/c)
[38]. The flow can remain attached up to angle of attack (AoA) of 70◦-80◦, at which the stagnation point
of the airfoil is detached from the airfoil solid body due to ultra-high circulation. The APG is substantially
higher than that of conventional airfoil stall limit, up to by an order of magnitude.

In other words, the high lift coefficient is achieved by suppressing the flow separation in extremely
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severe APG. The questions to ask then include: 1) Why CFWJ can sustain such a high adverse pressure
gradient? What is the mechanism? What are the factors contributing to this performance? Answering
these questions is the motivation of this paper.

A literature survey is conducted to answer above questions as the first effort. Pioneered by Prandtl [2]
for his boundary layer suction work, various studies as summarized in [1, 4] show that boundary layer
suction generating negative transverse velocity vw is effective to suppress flow separation. The rationale

is that the term ρvw
∂u
∂y

∣∣∣∣
y=0

in Eq. (1) can offset the adverse pressure gradient if vw is negative. Thus

suction normal to the wall surface is widely studied to maximize vw. Blowing normal to the wall is also
used to reduce friction drag by creating “inviscid” flow [4] at the wall surface. To achieve this effect, the
blowing needs to be in favorable pressure gradients and is thus usually implemented at the leading edge
stagnation area [4]. Following the same strategy, Wiedemann and Gersten [39] implement both normal
blowing and suction together in a cylinder with the normal blowing at the leading edge and normal suction
at the trailing edge to reduce friction drag. The blowing flow rate is 9 times higher than the suction flow
rate. It is expected that the blowing power required to overcome the high pressure in the stagnation region
must be very high, but the energy consumption is usually not a focus since most of the past research pays
more attention to the AFC effectiveness and less to the energy expenditure.

Overall, studies based on boundary layer momentum equation for separation control with tangential
injection and suction like the co-flow wall jet is not well documented. This paper is to shed some light on
this subject.

2 Separation Control Analysis

2.1 Separation Control Criterion

The previous discussion for Eq. (2) indicates that the sign of ∂2u/∂y2 on the wall is determined by the
pressure gradient. Between the attached flow with favorable pressure gradient shown in Fig. 1 (a) and
the onset condition with APG shown in Fig. 1 (b), all the flows are attached. It means that the flow
remains attached in a range of APG until it reaches the critical value of the separation onset. That is why
∂2u/∂y2 < 0 is a sufficient condition for attached flow, not a necessary condition. However, ∂2u/∂y2 > 0
is a necessary condition of separated flows [1], but not a sufficient condition.

In other words, if a boundary layer has ∂2u/∂y2 > 0 at the wall, it could be well attached as long as the
wall shear stress has τw > 0, or ∂u/∂y > 0, or ωz < 0. Fig. 4 illustrates an exaggerated example of such
attached boundary layer velocity profile for clarity, which has ∂2u/∂y2 > 0 and ∂u/∂y > 0. It has a rapid
elevation of the velocity profile near the wall and an inflection point away from the wall indicated by the
dash line. Away from the wall, the attached velocity profile quickly makes ∂2u/∂y2 negative to match the
mean flow direction with a concave shape. A well attached boundary layer will have a large positive value
of ∂u/∂y at the wall and the inflection point located very close to the wall. The middle photo of Fig. 5
shows such a velocity profile observed in the experiment of a diffuser conducted by Abernathy [40]. To
facilitate the description, the attached flow with ∂2u/∂y2 > 0 is named “attached elevated flow” in this
paper. According to Eq. (2), all attached flows in APG are attached elevated flows.
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Figure 4: Attached flow with adverse pressure gradient

Figure 5: Experimental visualized velocity profile development from the attached flow (left and middle)
to separated flow (right) in a diffuser [40]

A weak boundary layer will have a low value of ∂u/∂y and the inflection point moving away from the
wall. When ∂u/∂y is reduced to zero, it is the separation onset point with τw = 0 as shown in Fig. 1 (b).
When ∂u/∂y is further decreased to be negative, the flow is separated with τw < 0, or ωz > 0.

Due to the APG, ∂2u/∂y2 at the wall is positive and an inflection point necessarily exists in the velocity
profile. Seeking ∂2u/∂y2 < 0 at the wall as the flow separation control criterion is unnecessary, excessive
in energy consumption for the AFC, and may be unachievable. The sign of ∂2u/∂y2 does not uniquely
determine attached flow status and is not an indicative criterion for separation control.

Based on the discussion above, a more energy efficient criterion for separation control may be summarized
below. It is for both laminar and turbulent flows by manipulating the boundary layer velocity profiles.

1. The guideline is to seek attached elevated flows with adverse pressure gradients instead of attached
flows with favorable pressure gradients.

2. The attached velocity profiles will have τw > 0 (∂u/∂y > 0, ωz < 0) with ∂2u/∂y2 ≥ 0. (The
∂2u/∂y2 = 0 includes zero pressure gradient cases.)
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3. If ∂u/∂y < 0, the flow is separated.

This separation control criterion does not require excessive energy to alter the sign of ∂2u/∂y2. The larger
the velocity slope ∂u/∂y at the wall, the stronger the flow attached. Such a criterion seems obvious, but
is necessary to be clearly for clarification.

To understand the flow control mechanism of CFWJ, it is necessary to analyze the wall jet momentum
equations applicable to co-flow wall jets with the streamwise convection term considered in both partial
and integral forms.

2.2 Turbulent Wall Jet Differential Momentum Equation

Assuming that the wall curvature is small, body force can be neglected, flow direction is from left to
right (u > 0), x is the direction tangential to the wall surface, and y is the direction normal to the wall
surface, the 2D incompressible turbulent wall jet momentum equation in x direction can be approximated
as the following:

ρu
∂u

∂x
+ ρv

∂u

∂y
+
∂p

∂x
=
∂τxy
∂y

(3)

Normalize Eq. (3) by using ū = u/u∞, x̄ = x/L∞, ȳ = y/L∞, µ̄ = µ/µ∞, p̄ = p/(ρ∞u
2
∞) and ρ̄ = ρ/ρ∞.

The wall jet momentum equation can be rewritten below with the non-dimensional variables. The over-line
bars are omitted for clarity.

ρu
∂u

∂x
+ ρv

∂u

∂y
+
∂p

∂x
=

1

Re

∂τxy
∂y

(4)

or

ρu
∂u

∂x
+ ρv

∂u

∂y
+
∂p

∂x
=

1

Re

∂(µ∂u∂y )

∂y
(5)

Eq. (5) is originated from the Reynolds Averaged Navier-Stokes equations with the Bousinesque eddy
viscosity assumption. The gradient of the normal stress τxx is neglected for being small as typically treated
for wall boundary layer. The viscosity coefficient µ includes the molecular viscosity and turbulent eddy
viscosity. Eq. (5) is similar to the one used by Glauert [28] for turbulent wall jet except Glauert only
considered the zero pressure gradient without the ∂p/∂x term. Eq. (5) can be further expanded as:

ρu
∂u

∂x
+ ρv

∂u

∂y
− 1

Re

∂µ

∂y

∂u

∂y
+
∂p

∂x
=

1

Re
µ
∂2u

∂y2
(6)

R+
∂p

∂x
=

1

Re
µ
∂2u

∂y2
(7)
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LHSD =
1

Re
µ
∂2u

∂y2
(8)

where R is the summation of the first three terms of Eq. (6), which is the resultant factor to offset the
pressure gradient. LHSD is the summation of all the terms on the left hand side (LHS) of Eq. (6).

This equation plays the same guidance role for wall jet flow control as Eq. (1) for boundary layer flow
control. The difference between Eq. (6) and Eq. (1) is that Eq. (6) has the term ρu · ∂u/∂x, which is
neglected in Eq. (1) for boundary layer flow control. All the other terms also exist in the boundary layer
momentum Eq. (1). However, the turbulent co-flow wall jet substantially enhances all the first three terms
of Eq. (6) by imposing a high momentum injection jet or streamwise suction.

The turbulent wall jet momentum Eq. (6) is well known. However as mentioned in the last section, for
tangential blowing and streamwise suction, the analysis of each term’s contribution to offset the adverse
pressure gradient for separation control is not well documented. This paper studies their effects first based
on the physical analysis, and then seeks evidence support from the numerical analysis in next section.

The first two terms on the LHS of Eq. (6) are the convective terms, which are responsible to transport
the wall jet momentum in streamwise and transverse direction. The second term ρv ·∂u/∂y is in the similar
order of magnitude to the first term due to the high velocity gradient imposed by the CFWJ. The third
term is a part of the momentum diffusion from the RHS of Eq. (5) due to the turbulent eddy viscosity
gradient. This term is negligible for laminar flow since the viscosity is fairly constant, but is dominant for
turbulent co-flow wall jet mixing due to the rapid growing rate of turbulent eddy viscosity near the wall.

For separation control, the first three terms on the LHS are responsible for offsetting the adverse pressure
gradient and attaching the flow with a positive wall shear stress, which is the control objective. However,
Eq. (6) is not a simple cause-effect relation. The diffusion terms on the RHS as well as on the LHS play
a crucial role to transfer the momentum inward to energize the boundary layer and outward to induce the
main flow.

Eq. (6) can be also expressed in terms of spanwise vorticity as:

ωz =
∂v

∂x
− ∂u

∂y
≈ −∂u

∂y
(9)

This is because a co-flow wall jet injection tangential to the wall surface has ∂v
∂x <<

∂u
∂y except in the

region of the suction slot entrance. The wall jet momentum Eq. (6) upstream of the suction slot may be
rewritten as:

ρu
∂u

∂x
− ρvωz +

ωz
Re

∂µ

∂y
+
∂p

∂x
=

µ

Re

∂2u

∂y2
(10)

2.3 CFWJ Working Mechanism in a Nutshell

The CFWJ working mechanism to offset adverse pressure gradients may be explained based on Eq. (6)
and (10) with the following three factors:
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1. CFWJ establishes sufficient clockwise spanwise vorticity ωz < 0, or ∂u/∂y > 0 at the wall by
tangential injection and streamwise suction. ωz < 0 is essential to contribute to the third term, the
turbulent diffusion. It also contributes to the second term, the wall vorticity flux, via the streamwise
suction (v < 0 ).

2. The wall jet provides sufficient streamwise mass flux ρu > 0, which contributes to the first term, the
streamwise inertia force.

3. The adverse pressure gradient enhances the ∂u/∂x < 0, which contributes to the first term, the
streamwise inertia force. The adverse pressure gradient also enhances ∂µ/∂y > 0 [41], the eddy
viscosity gradient near the wall. This is a crucial factor for the third term, the turbulent diffusion.
In other words, adverse pressure gradients enhance the effectiveness and efficiency of CFWJ. When
the APG is increased, the control capability of the CFWJ to offset the APG also increases with the
APG, provided the factor 1) and 2) are established.

The following sections elaborate the mechanism with more explanations.

2.3.1 Injection Effect

For a forced tangential turbulent wall jet injection, once the jet is injected into the external stream, the
streamwise velocity variation of the turbulent wall jet is subject to the streamwise pressure gradient. For
an adverse pressure gradient, ∂u/∂x < 0, the first term in Eq. (10) ρu · ∂u/∂x is negative to offset the
adverse pressure gradient. ρu ·∂u/∂x represents the streamwise inertia force inserted by the wall jet to the
boundary layer.

For the tangential injection, the normal velocity component v is small. Based on the incompressible flow
continuity equation:

∂v

∂y
= −∂u

∂x
(11)

That means v > 0 near the wall under an adverse pressure gradient. Thus the second convection term of
Eq. (10) will increase the adverse pressure gradient. Even though v << u, the convention term ρv · ∂u/∂y
can be at a similar order of magnitude to the ρu · ∂u/∂x term because the velocity gradient ∂u/∂y, or the
vorticity ωz is large due to the wall jet.

However, a tangential injection is still the most effective way to minimize v. If the jet injection has an
angle extruding to the main flow, there could be a large positive v. The convection term ρv · ∂u/∂y in Eq.
(6), or the vorticity flux −ρvωz in Eq. (10) will be positive and large. Such a non-tangential injection will
increase the flow blockage to the main flow, decrease the clockwise spanwise vorticity near the wall, and
enlarge the adverse pressure gradient instead of reducing it. For example, a strong jet injection 90◦ normal
to the main flow may create a large flow blockage and separation.

Near the wall, the term ∂µ/∂y is positive and large due to the rapid increase of turbulent eddy viscosity
enhanced the adverse pressure gradient [41]. The turbulent diffusion term ∂u/∂y · ∂µ/∂y/Re thus plays
a dominant role of offsetting the adverse pressure gradient and mixing to transfer the high kinetic energy
of the wall jet inward to increase the momentum of the boundary layer and outward to induce the main
flow. At the maximum velocity position of the wall jet away from the wall, the velocity gradient or
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the spanwise vorticity approaches zero. But the streamwise inertia force at that position will be more
dominant to overcome the adverse pressure gradient due to the increased streamwise velocity. In addition
to the turbulent diffusion term, the streamwise inertia force term ρu · ∂u/∂x also grows with the adverse
pressure gradient as described in Section 2.3. The larger the adverse pressure gradient ∂p/∂x, the larger
the streamwise inertia force term to offset the adverse pressure gradient due to ∂u/∂x being more negative.

2.3.2 Suction Effect

For the CFWJ streamwise suction as sketched in Fig. 3 (c), the velocity entering into the suction
slot is usually not completely tangential to the main flow streamwise direction, but has a significant
velocity component normal to the wall surface. This is to minimize the drag created by streamwise suction
reactionary force [15, 42]. Drag matters for external airfoil flow, but may not matter as much for internal
flow, which cares more about energy loss. To avoid a large drag due to suction, one may intend to use
a suction slot tangential to the wall surface, which will have a vertical suction. A vertical suction forces
the flow to have a sharp turning at the suction location and may create a local flow blockage. Liu and
Zha [42] did a trade study for the transonic CFJ-RAE2822 airfoil and found that a suction slot angle of
12◦ about the wall surface (0◦ is fully tangential to the wall surface) is the most efficient and effective. In
other words, for CFWJ streamwise suction, both the velocity components normal and tangential to the
streamwise direction are significant.

For the CFWJ suction as illustrated in Fig. 3 (c), it may not have a protruding velocity profile like the
injection unless when it is very close to the injection slot. Since the vertical velocity component entering
into the suction slot is negative, the convection term ρv ·∂u/∂y in Eq. (6) will be negative. The streamwise
inertia force term ρu · ∂u/∂x and the diffusion term play the same roles as for the injection jet. That is,
for the CFWJ suction, all the first three terms in Eq. (6) will contribute significantly to offset the adverse
pressure gradient. This streamwise suction mechanism to offset the APG also grows with the APG.

Above analysis indicates that both CFJ injection and suction can be effective to overcome adverse
pressure gradient and suppress flow separation. But the analysis is based on an essential condition that a
full velocity profile with a positive velocity gradient ∂u

∂y (ωz < 0) can be established by either the injection
or suction. This requires the injection or suction be placed near the flow separation onset where the flow
has adverse pressure gradient, but is not massively separated yet and does not consume too much energy
to establish the positive velocity gradient. Placing the injection or suction in the deep separation region
will not be efficient or effective to establish the required velocity gradient. The flow separation onset point
is usually also the maximum adverse pressure gradient location. This gives another reason to apply the
AFC near the flow separation onset point to suppress the separation before it starts.

2.4 Turbulent Wall Jet Integral Momentum Equation

The wall jet Eq. (3) and (4) describe the balance between the adverse pressure gradient and the
other terms in the differential momentum equation. The lump effect can be obtained by integrating the
momentum equation across the wall jet. The integral form of the non-dimensional wall jet momentum
equation derived by Coles [43] based on Eq. (4) is given below:

ρ
d(u2∞θ)

dx
+ ρu∞δ

∗du∞
dx

=
τw
Re

(12)
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Where δ∗ is the displacement thickness, θ is the momentum thickness. The derivation of Coles [43] for Eq.
(12) is quoted in the Appendix with permission.

Eq. (12) can be expanded to

(2θ + δ∗)ρu∞
du∞
dx

+ ρu2∞
dθ

dx
=
τw
Re

(13)

To introduce pressure gradient to the integral equation, the freestream Euler equation below is substi-
tuted to Eq. (13),

ρu∞
du∞
dx

= −dp
dx

(14)

We have

ρu2∞
dθ

dx
− (2θ + δ∗)

dp

dx
= (2θ + δ∗)(Qdθ

dx
− dp

dx
) = (2θ + δ∗)(S − dp

dx
) =

τw
Re

(15)

Where, S = Q dθ
dx , and

Q =
ρu2∞

2θ + δ∗
(16)

Q represents the convection terms expressed by the dynamic pressure enhanced by the wall jet momentum
and displacement thickness. A CFWJ will enhance the clockwise vorticity at the wall and reduce θ and
δ∗, which augments the Q factor.

Eq. (15) can be further written as

LHSI =
τw
Re

(17)

LHSI is the summation of the left hand side of Eq. (15). If LHSI > 0, τw > 0, the flow is attached. If
LHSI < 0, τw < 0, the flow is separated. This is the same separation control criterion as given in Section
2.1. Referring to Fig. 4 , a positive τw is a necessary condition to define an attached flow. Assuming both
δ∗ and θ are positive, if S > dp

dx , then τw > 0, the flow is attached. If S < dp
dx , then τw < 0, the flow is

separated.

Eq. (15) is consistent with the CFWJ working mechanism summarized in Section 2.3. The spanwise
vorticity ωz and streamwise mass flow will reduce θ and δ∗ to increase Q factor and S factor. For a wall
jet in adverse pressure gradient, dθ/dx is always positive due to boundary layer momentum loss. Similar
to the streamwise inertia force term and the turbulent diffusion in the partial differential wall jet Eq. (10),
the larger the adverse pressure gradient, the greater the dθ/dx term, which will increase S to offset the
APG. This is the APG offsetting mechanism of CFWJ from the integral momentum equation perspective.
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2.4.1 Applying CFWJ near Separation Onset Point

At the separation onset point, the APG is usually the highest. It is critical to suppress the flow separation
before it starts. The rationale to apply CFWJ near the separation onset location can be also explained
based on the integral momentum equation: 1) The maximum APG will maximize dθ/dx to contribute to S
factor. 2) The injection or suction will minimize the θ and δ∗. The main flow dynamic pressure is usually
large at the beginning of the flow diffusion region before the velocity decreases further. All these effects
will increase Q factor and S factor.

Even though it is desirable to apply either the CFWJ injection or suction near the separation onset
point, it would be more efficient and effective to apply the CFWJ injection near the separation onset point
and the suction downstream for three reasons: 1) The main-flow static pressure at the separation onset
point may be near the lowest. It is efficient to make an injection to a low pressure location to establish the
clockwise spanwise vorticity ωz and mass flow ρu. 2) The downstream suction will be located at a location
with higher pressure, which will make the suction more efficient. 3) The entire CFWJ may be immersed
in the APG region, which is more favorable to enhance CFWJ as previously described.

3 Numerical Investigation of CFWJ NASA hump

This section numerically studies the NASA hump with CFWJ implemented to support above separation
control analysis with qualitative and quantitative results.

3.1 Governing Equations

The governing equations for the CFD simulation are the unsteady Reynolds averaged Navier-Stokes
equations (URANS) with one equation Spalart-Allmaras turbulence model [44], which are solved in a fully
coupled manner using an implicit unfactored Gauss-Seidel line iteration to achieve high convergence rate.
The normalized Navier-Stokes governing equations in generalized coordinates are given by:

∂Q

∂t
+
∂E

∂ξ
+

F

∂η
+

G

∂ζ
=

1

Re

[
∂R

∂ξ
+
∂S

∂η
+
∂T

∂ζ

]
+ Sν (18)

where Re is the Reynolds number. The conservative variable vector Q, invisid flux E, viscous flux vector
R are expressed as follows, and the rest can be expressed following the symmetric rule.

Q =
1

J



ρ
ρu
ρv
ρw
ρe
ρν̂

 , E =
1

J



ρU
ρuU + pξx
ρvU + pξy
ρwU + pξz
(ρe+ p)U
ρν̂U

 , R =
1

J



0
τxiξi
τyiξi
τziξi

(ujτij − qi)ξi
ρ
σ (ν + ν̂) ∂ν̂

∂xi
ξi


The Sν in Eq. (18) is the source term for the S-A model,
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Sν = 1
J

[
1
Re

[
−ρ
(
cw1fw − cb1

κ2
ft2
) (

ν̃
d

)2]
+ 1
Re

[
ρ
σ cb2 (∇ν̃)2 − 1

σ (ν + ν̃)∇ν̃ • ∇ρ
]

+Re
[
ρft1 (∆q)2

]
+ ρcb1 (1− ft2) S̃ν̃

] (19)

Other auxiliary relations and coefficients for the S-A turbulence model can be found in [16, 44].

3.2 Navier-Stokes Equations Solver

The in-house high order CFD code Flow-Acoustics-Structure Interaction Package (FASIP) is used to
solve the 2D Unsteady-Reynolds averaged Navier-Stokes equations. A 3rd order WENO scheme for the
inviscid flux [45, 46, 47, 48, 49, 50] and a 4th order central differencing for the viscous terms [45, 49]
are employed to discretize the Navier-Stokes equations. The low diffusion E-CUSP scheme suggested by
Zha et al [46] based on the Zha-Bilgen flux vector splitting [51] is utilized with the WENO scheme to
evaluate the inviscid fluxes. All the simulations in this study are conducted as unsteady time accurate
simulations. The second order time accurate implicit time marching method with pseudo time and Gauss-
Seidel line relaxation is used to achieve a fast convergence rate [50, 52]. Parallel computing is implemented
to save wall clock simulation time [52, 53]. The FASIP code is intensively validated for CFWJ simulations
[5, 7, 8, 10, 15, 53, 42, 54, 55, 56, 57, 58, 59]. The numerical results are presented with time average after
the flows and all the aerodynamic forces become dynamically stable.

3.3 The NASA Hump

The NASA hump is widely used as a benchmark case to validate numerical algorithms and turbulence
modeling [60] for flow control. The baseline hump configuration with no flow control is designed to have a
converging section followed by a rapid area expansion downstream of the throat as shown in Fig. 6, which
creates a severe diffusion and massive flow separation.

Figure 6: Geometry of hump upper surface [61]

3.4 Mesh and Boundary Conditions

The NASA hump geometry shown in Fig. 6 is a wall-mounted Glauert hump model and the compu-
tational domain is created based on the experiment set-up described in [61, 62]. The 2D computational
domain is normalized by the hump chord (C) of 420mm (see Fig. 6). A medium size mesh of 408×108 =
44,064 cells is used for the baseline hump calculation as shown in Fig. 7. The boundary conditions (BCs)
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set-up is illustrated in Fig. 8. The inlet is located at 6C upstream and the outlet is at 3C downstream
of the hump. Total pressure, total temperature and flow angle are specified at the inlet as the boundary
conditions. Static pressure is specified at the outlet boundary. The top wall is 0.9C away from the hump
peak as designed in the experiments [61, 62]. Non-slip wall BC is enforced on all the walls. Details of mesh
size are shown in Table 1.

Figure 7: 2D computational mesh of baseline hump

Figure 8: Boundary conditions of baseline hump simulation

Table 1: Details of the mesh sizes

Meshes Hump Injection duct Suction plenum

Baseline 408×108 40×80 62×112
Refined 816×216 80×160 124×224
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The unsteady simulation uses a constant non-dimensional characteristic time step ∆t̄ = 5×10−3 with
the maximum L2-norm residual typically reduced by 2 orders of magnitude within less than 40 pseudo
time iterations per physical time step. Fig. 9 shows three typical convergence histories with time for
three unsteady simulations, including a separated baseline flow and its associated mesh refinement, and
an attached flow with flow control. The L2-Norm residual of the unsteady Navier-Stokes equations are
basically driven to machine zero with 400 characteristic time, indicating the full convergence of the unsteady
Navier-Stokes equations. All the cases in the present numerical study achieve the similar convergence, which
ensures the reliability of the results.

Figure 9: Convergence history of typical cases

3.5 Validations of Numerical Simulation

The experimental baseline hump, steady injection and suction cases [60, 62] are used to validate the
simulation. All the location positions are measured from hump leading edge referring to Fig. 6 and Fig.
8. The blowing actuator is located at X/C = 0.68 and is angled at 10◦ to the freestream direction. For the
suction only case, the hump geometry is the same as the injection only case with the injection slot replaced
by a suction plenum located at X/C = 0.65 and the mesh is directly adopted from the NASA source [60].

In the experiment, the model was tested in a open-return wind tunnel with freestream velocity of Uref =
34 m/s (Mach = 0.1). The Reynolds number for all the cases is 0.93×106 based on the hump chord length.
The CFD simulations use the same experimental Mach number and Reynolds number. Mesh refinement
studies are also conducted by doubling the number of grid points in i, j direction simultaneously. The sizes
of the baseline and refined meshes are given in Table 1.

Fig. 10 shows the Mach number contours of the baseline hump with the zoomed view of the velocity
profile at the separation onset location. Fig. 11 compares the skin friction coefficient Cf and the pressure
coefficient Cp with experimental data. The predicted Cf in Fig. 11 (a) indicates that the flow separation
onset occurs at X/C = 0.663 (τw = 0) and reattaches at X/C = 1.17, which agree well with the experi-
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mental measurement with separation inception point at 0.665 and reattachment at 1.11 ± 0.003 [61, 63].
Downstream of the reattachment point beyond X/C= 1, the deviation between the predicted and experi-
mental results is due to the massive flow separation. Similar discrepancy is reported in [60, 64]. Fig. 11 (b)
is the predicted Cp distributions (in black) of the baseline hump compared with the experiment [61, 62].
Following the practice in [60, 65], the predicted time-averaged Cp distributions are shifted by -0.033 to
match the experimental upstream reference conditions. As shown in Fig. 11 (b), the simulated Cp distri-
butions of the baseline hump agree very well with experimental measurement, except the pressure drop
at 0.6 < X/C < 0.9 is slightly underestimated. Similar discrepancy is also reported by other researchers
in [60, 65]. Fig. 11 (b) also indicates that both the pressure plateau starting point measured by the
experiment and CFD simulation is located at 68.1%C, which is 1.8%C downstream of the separation onset
point. This is because the pressure plateau is a response to the flow blockage creased by the separation.
Thus the pressure plateau is usually a little downstream of the separation onset point. That is why it
may be inaccurate that McGahan [30] used the pressure plateau as the separation onset point. The mesh
refinement studies shown in Fig. 11 do not change the calculated results, indicating that the solutions
achieve mesh independence. The computed pressure gradient distributions are also plotted in Fig.11 (b)
for reference.

Figure 10: Mach number contour of the baseline hump
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(a) Skin friction coefficient Cf (b) Pressure coefficient Cp

Figure 11: Comparison of the Cf and Cp distribution with experimental data

To further validate the numerical simulation, the hump cases with steady injection only and steady
suction only are simulated and compared with the experiment respectively. Fig. 12 (a) is the Mach
number contour of steady injection only with Uj=85 m/s used in the experiment [62]. The boundary
conditions and case set-up are referred to [62, 66]. Steady blowing jet fully attaches the flow. The Cp
distributions in Fig. 12 (b) shows that the predicted pressure distribution is again in very good agreement
with the experiment [62]. The spike downstream of the low pressure suction peak is due to the jet injection.
The solution is converged based on the mesh refinement as shown in Fig. 12 (b).

(a) Mach number contour (b) Cp distributions

Figure 12: CFD results of the hump with steady blowing

The last validation case is the one using steady suction only with Cµ of 0.241% (mass flow coefficient CQ=
0.15% [67]). The computed Mach number contour in Fig. 13 indicates that the suction only flow control
is not adequate to remove the flow separation, which is consistent with the experimental observation. The
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predicted Cp distributions with mesh refinement are shown in Fig. 13. The CFD results are in good
agreement with the experiment [60], but with the pressure rise under-predicted at 0.6 < X/C < 1.2, which
indicates that the separation bubble thickness may be over-predicted. The similar discrepancy is observed
in the URANS simulations conducted by other researchers [68, 69]. Further increase of the mesh size does
not change the results as shown by the mesh refinement in Fig. 13 (b).

(a) Mach number contour (b) Cp distributions

Figure 13: CFD results of the hump with steady suction

3.6 Co-flow Wall Jet Hump

3.6.1 CFWJ Hump Geometry

As sketched in Fig. 14, the CFWJ flow control is implemented by adding injection and suction slots
at certain streamwise location on the baseline hump surface [61]. The surface between the injection and
suction slots is slightly moved downward by 0.1%C to facilitate the tangential injection of the co-flow wall
jet. Similar to a CFWJ airfoil, Fig. 14 (middle plot) shows that a small amount of mass flow is drawn into
the hump downstream, pressurized and energized by a micro-compressor pumping system inside the hump,
and ejected through the upstream injection slot tangential to the main flow. In the present simulation,
the micro-compressor actuator is simulated by applying total pressure inlet BC at injection slot and static
pressure outlet BC at suction slot as shown in the bottom of Fig. 14. This treatment of the injection and
suction is thoroughly validated in the previous work [5, 7, 8, 10, 15, 16, 42, 54, 55, 56, 57, 58, 59, 70].
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Figure 14: Sketches of the CFWJ hump

3.6.2 Numerical Results of CFWJ

Xu et al [12] conduct a trade study to optimize the injection and suction location with minimized energy
expenditure. The two most efficient configurations of CFWJ hump consuming the least CFJ power are
presented in this paper, CFWJ Case 2 and Case 9 as shown in Fig. 15. As indicated in the conclusions
of wall jet momentum equation analysis of Section 2, applying the CFWJ flow control near separation
onset point under adverse pressure gradient is the most effective, which is consistent with the practice
of other researchers [60, 62]. This is shown in Case 2 with the injection at 67.5%C and Case 9 with the
suction at 70%C. These two cases represent the CFWJ with injection dominant and suction dominant cases
respectively by placing the injection or suction close to the baseline separation onset point, but both are
slightly downstream of the onset point in the region of adverse pressure gradient [12]. The Cµ as defined
in Eq. (20) is 0.85% for Case 2 and 0.77% for Case 9, which are the minimum Cµ to achieve full flow
attachment for the two cases respectively [12].

(a) CFWJ Case 2 (b) CFWJ Case 9

Figure 15: Configurations of the CFWJ NASA hump
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Cµ =
ṁVj

1
2ρrefUref

2Aref
(20)

The CFWJ power required is defined by the total enthalpy rise from the suction duct outlet (compressor
inlet) to the injection duct inlet (compressor outlet) [7]. The expression for power required (PR) and the
non-dimensional power coefficient (Pc) are:

PR = ṁHt2(Γ
γ−1
γ − 1) (21)

Pc =
PR

1
2ρrefU

3
refAref

(22)

where, ṁ is the CFWJ mass flow rate, Ht2 is the total enthalpy at the suction slot, Γ is the total pressure
ratio between the injection and suction, and γ is the specific heat ratio with a value of 1.4 for ideal gas.

3.7 CFWJ Case 2: Injection placed near separation onset point

Fig. 16 shows the spanwise vorticity contours and velocity profiles at five streamwise stations along the
co-flow wall jet for CFWJ Case 2, which has the injection placed at 67.5%C location, slightly downstream
of the separation onset point at 66.3%C. The velocity profile at Station 1 of upstream of the injection slot
is a typical wall boundary layer profile, which is energized by the downstream CFWJ and would be nearly
separated otherwise. The velocity profile at the Station 2 downstream of the injection slot shows a typical
injection wall jet profile as sketched in Fig. 3 (b). Under the adverse pressure gradient, the wall jet profile
becomes more smeared flowing downstream due to mixing with the mainstream as shown at Station 3 and
4. Further beyond the suction slot, the velocity profile returns to typical boundary layer profile but is
energized as shown in Station 5. Fig. 16 also shows that the whole CFWJ is immersed in the APG region
from the injection to the suction.

Away from the wall, the three counter-rotating layers of vorticity illustrated in Fig. 3 (b) are observed
clearly downstream the injection slot in Fig. 16, a layer of clockwise vorticity due to the wall jet boundary
layer in blue, a layer of counter clockwise vorticity due to the wall jet in red, a zero vorticity layer due
to the wake from the injection slot lip in green, and a layer of clockwise vorticity due to the main flow
boundary layer mixing with the wall jet in blue. With the CFWJ flowing to downstream, the wall jet
counter clockwise vorticity layer is decayed and dissipated due to the mixing, and disappears downstream
of the suction slot when the CFWJ ends.
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Figure 16: Spanwise vorticity and velocity profiles of the CFWJ Case 2

The pressure coefficient distributions along the wall in Fig. 17 indicates that the CFWJ Case 2 has the
peak velocity much more augmented compared with the baseline due to the removal of flow separation.
The injection near the baseline separation onset location is at the maximum APG region, which enhances
the terms in the wall jet momentum equations to offset the APG.

Figure 17: Surface Pressure coefficient distribution of Case 2

The boundary layer profiles of CFWJ Case 2 with the injection at 67.5%C are analyzed based on the
wall jet differential Eq. (6) and integral Eq. (15) to investigate the injection effects. Fig. 18 (a) shows
the transverse distributions of the terms in Eq. (6) normal and near the wall surface at the location 2%C
downstream of the injection slot. The flow is attached at the location, which have the attached elevated
velocity profiles with ∂2u/∂y2 > 0 (LHSD > 0, Eq. (8)) on the wall due to the effect of the pressure
gradient ∂p/∂x as indicated in Fig. 18.

Fig. 18 (a) shows that the LHSD rapidly becomes negative when it is away from the wall to match the
condition of a concave velocity profile of an attached flow. The profiles of the velocity and its slope are
plotted in Fig. 18 (b) against the normal distance from the wall normalized by the injection slot height
(D/h). Fig. 18 (b) demonstrates the typical attached elevated velocity profiles with the first order velocity
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derivative ∂u/∂y increasing, which yields ∂2u/∂y2 > 0. The profiles in Fig. 18 are consistent with the
analysis in Section 2. On the wall, the summation of the first three terms, R in Eq. (7) is basically zero.
The local adverse pressure gradient is dominant on the wall and makes ∂2u/∂y2 > 0, but the flow is well
attached.

Away from the wall, the adverse pressure gradient is offset by the rapidly increasing R of a negative
value. Among the first three terms in Eq. (6), the turbulent diffusion ∂u/∂y · ∂µ/∂y/Re makes the
largest contribution to offset the adverse pressure gradient. This is attributed to the large gradient of the
eddy viscosity and velocity (spanwise vorticity) of the wall jet injection, which transfers the momentum
transversely to energize the boundary layer as analyzed in Section 1.2. Such effect may be insignificant for
an adiabatic incompressible laminar wall jet since the viscosity coefficient gradient would be very small.

The second largest contribution to offset adverse pressure gradient is the streamwise inertia term ρu ·
∂u/∂x exerted by the effects of CFWJ injection. The adverse pressure gradient increases the absolute
value of ∂u/∂x, which enhances the term ρu · ∂u/∂x. The transverse convective term ρv · ∂u/∂y has a
smaller magnitude for the wall jet injection.

The relations among the terms of the wall jet momentum Eq. (6) described above are clearly seen in
Table 2 with the quantitative values of the Case 2 at y+=2. The LHSD already becomes negative at this
location.

(a) Terms in Eq. (6) (b) Profiles of velocity and ∂u/∂y

Figure 18: Distributions of different terms at 2%C downstream of the injection slot

Table 2: CFWJ Case 2, terms in Eq. (6) at y+=2 at 2%C downstream of the injection slot

Cases Location Cµ Pc ρu∂u/∂x ρv∂u/∂y −∂u/∂y · ∂µ/∂y/Re ∂p/∂x LHSD
CFWJ 2 69.5%C 0.85% 0.0030 -5.15 1.77 -18.54 10.33 -11.59

Table 3 presents the quantitative values of each term in wall jet integral Eq. (15). Term S is much larger
than dp/dx and therefore keeps LHSI value positive, indicating an attached flow with τw > 0. The results
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in Table 3 support the analysis in Section 2.4.

Table 3: CFWJ Case 2, terms in Eq. (15) at 2%C downstream of the injection slot

Cases Location Cµ δ∗ θ dθ/dx Q S dp/dx LHSI
CFWJ 2 69.5%C 0.85% 5.70×10−3 3.97×10−3 0.17 69.38 11.52 3.34 1.12×10−1

The results in Fig. 18 and Tables 3 demonstrate an attached flow with ∂2u/∂y2 > 0 and τw > 0, which
is consistent with the separation control criterion suggested in the paper to achieve the attached flow with
low energy expenditure.

3.8 CFWJ Case 9: Suction placed near separation onset point

Fig. 19 shows the vorticity contours of the CFWJ Case 9 with the suction slot placed near the separation
onset point at 70%C in the region of adverse pressure gradient. The injection is located upstream of the
suction in the region of favorable pressure gradient. In the CFWJ injection region, Fig. 19 indicates a wall
jet velocity profile and 3 layers of counter-rotating vortex layers, which are thinner and shorter than those
in Case 2 with adverse pressure gradient. The attached flow velocity profile in the diffusion region such as
Station 5 is weaker than that of Case 2 at Station 3 in the similar location.

Figure 19: Spanwise vorticity and velocity profiles of the CFWJ Case 9

Similar to CFWJ Case 2, the pressure coefficient distributions along the wall in Fig. 20 indicates that
the CFWJ Case 9 also has the peak velocity much more augmented compared with the baseline due to
the removal of flow separation. The suction location near the separation onset is at the maximum APG
region, which enhances the terms in the wall jet momentum equations to offset the APG.
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Figure 20: Surface Pressure coefficient distribution of Case 9

Fig. 21 is the profiles of the different terms of the wall jet momentum Eq. (6) for the CFWJ Case 9
to investigate the suction dominant effect of CFWJ. The profiles are plotted at 68.5%C location, 1.5%C
upstream of the suction slots. LHSD again begins with a positive value at the wall due to the effect of
adverse pressure gradient, indicating that the flow is at the attached elevated state with ∂2u/∂y2 > 0.
Away from the wall, the LHSD rapidly turns to negative to match the attached flow concave velocity
profile. The quantitative contributions near the wall with y+=2 are listed in Table 4. The dominant term
offsetting the adverse pressure gradient for this case is again the turbulent diffusion term ∂u/∂y ·∂µ/∂y/Re
as shown in Fig. 21 and Table 4. This is attributed to the streamwise suction that creates an acceleration
within the boundary layer with increased transverse velocity gradient, or wall spanwise vorticity. The
transverse convection term ρv · ∂u/∂y, or the wall vortex flux, has a much larger contribution to offset the
APG than the injection dominant Case 2, which is benefited from the negative vertical velocity component
entering to the wall due to the suction and the high spanwise vorticity that the suction induces.

(a) Terms in Eq. (6) (b) Profiles of velocity and ∂u/∂y

Figure 21: Distributions of different terms at 1.5%C upstream of the suction slot
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Table 4: CFWJ Case 9, terms in Eq. (6) at y+=2 at 1.5%C upstream of the suction slot

Cases Location Cµ Pc ρu∂u/∂x ρv∂u/∂y −∂u/∂y · ∂µ/∂y/Re ∂p/∂x LHSD
CFWJ 9 68.5%C 0.77% 0.0032 -1.53 -8.91 -18.16 8.31 -20.29

As shown in Fig. 19 and 20, because the suction slot of Case 9 is placed near the separation onset, the
injection has to be placed upstream in the FPG region. Only a small portion of the CFWJ near the suction
slot is in APG. The Case 9 is the optimum configuration with the minimum CFWJ energy expenditure
from the trade study with several injection locations upstream. Comparing the CFJ power coefficient Pc
in Table 2 and Table 4, both CFWJ Case 2 and Case 9 require a very small power consumption to remove
the flow separation. This is attributed to the proposed separation control criterion to attach the flow with
∂2u/∂y2 > 0 and τw > 0. However, the Pc of Case 9 is about 6.7% higher than that of Case 2. It does
indicate that the CFWJ is more favorable to work in full adverse pressure gradients as in Case 2.

A numerical experiment is attempted to achieve ∂2u/∂y2 < 0 following the previous guideline of Gad-
el-Hak and Bushnell [1] for the Case 2. The ∂2u/∂y2 remains positive even with CFWJ power coefficient
Pc increased by 16 times. The effort to achieve ∂2u/∂y2 < 0 is then given up. This numerical experiment
supports the conclusion that ∂u2/∂y2 < 0 at the wall for separation control is unnecessary, excessive for
energy expenditure, and may not be achievable.

Table 5 compares the values of each term of the integral form momentum Eq. (15) for CFWJ Case
9. The measured location is the same as that for the differential momentum equation in Table 4. The
streamwise suction substantially thins the boundary layer than the Case 2 with δ∗ and θ reduced more than
50%, which indicates a more energized boundary layer upstream of the suction slot due to the stronger
turbulent diffusion and mixing induced by the streamwise suction as shown in Fig. 21 and Table 4. With
the reduced δ∗ and θ, the compound factor S in Eq. (15) is substantially increased to offset the adverse
pressure gradient and attach the flow. Overall, both the two CFWJ cases have sufficient S factor to offset
the adverse pressure gradient and make the sign of LHSI , i.e., the wall shear stress, positive with attached
flow.

Table 5: CFWJ Case 9, terms in Eq. (15) at 1.5%C upstream of the suction slot

Cases Location Cµ δ∗ θ dθ/dx Q S dp/dx LHSI
CFWJ 9 68.5%C 0.77% 2.02×10−3 1.21×10−3 0.12 211.33 25.30 7.22 8.03×10−2

4 Conclusions

The wall jet momentum equations in both the differential form and integral form are analyzed to provide
a separation control criterion and a guideline to investigate the separation control mechanism of CFWJ.
The followings are some conclusions obtained from wall jet momentum equations analysis and the URANS
numerical investigations on the NASA hump:

1. The previous guideline to obtain negative ∂u2/∂y2 at the wall for separation control is unnecessary,
excessive for energy expenditure, and may not be achievable. This is because ∂u2/∂y2 > 0 is necessary
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in adverse pressure gradients at the wall regardless the flow is separated or attached. The ∂u2/∂y2

is positive at the wall for all the flows attached by the CFWJ based on the URANS simulation. It
rapidly becomes negative away from the wall due to co-flow wall jet effect of offsetting the adverse
pressure gradient. A numerical experiment with CFWJ power coefficient increased by 16 times is
still not able to achieve an attached flow with ∂u2/∂y2 < 0.

2. A more energy efficient separation control criterion is to seek an attached elevated flow with τw > 0
and ∂u2/∂y2 ≥ 0.

3. Turbulent diffusion near the wall is the most dominant term to offset adverse pressure gradient for
both the CFWJ injection and suction. It plays a key role for wall jet mixing and energizing the wall
boundary layer.

4. For the CFWJ injection, keeping the injection tangential to the wall surface is most effective to
minimize flow blockage, maximize the spanwise vorticity, turbulent diffusion, and streamwise inertia
force term in order to offset the adverse pressure gradient.

5. For CFWJ suction, a streamwise suction not only enhances those same terms by the injection, but
also augments the wall vorticity flux due to the velocity component pointing to the wall.

6. The CFWJ injection has a typical wall jet velocity profile with three counter rotating vortex layers.
The suction does not create the counter rotating vortex layers. The suction energizes the upstream
boundary layer via convection terms and turbulent diffusion.

7. Adverse pressure gradients benefit CFWJ to be more effective and efficient.

8. It is most effective to apply flow control near the separation onset point because it may have the
highest APG that enhances the CFWJ effect. It may also have the lowest static pressure to make it
easier to create a spanwise vorticity and mass flux than in a deep separation region.

9. It is more efficient and effective to place the CFWJ injection near the separation onset point and the
suction downstream. This will immerse the entire CFWJ in the APG region to enhance the CFWJ
effect. It is more efficient to eject the flow to a low pressure location and withdraw the flow from a
high pressure region. This conclusion is demonstrated by comparing the two numerically simulated
CFWJ hump cases.

10. The CFWJ has the mechanism to grow its control capability with the increasing adverse pressure
gradient. When the APG grows, all the terms offsetting the APG also grow, provided that the CFWJ
has the sufficient clockwise spanwise vorticity and mass flow at the wall established as the essential
condition. This may provide CFWJ the ability to suppress flow separation in very severe adverse
pressure gradients.
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Appendix: Integral Form of Turbulent Wall Jet Momentum Equation

With the approval of the heirs of Prof. Donald Coles, the Coles’ derivation [43] of the integral form of
turbulent wall jet momentum equation is presented herein.

The incompressible wall jet momentum equation of Eq. (4) is repeated here as below:

ρu
∂u

∂x
+ ρv

∂u

∂y
+
∂p

∂x
=
∂τxy
∂y

(23)

The freestream Euler equation relates the pressure gradient with convention term as:

ρu∞
du∞
dx

= −dp
dx

(24)

The incompressible continuity equation gives:

∂u

∂x
+
∂v

∂y
= 0 (25)

Combining Eq. (24) and (25) with Eq. (23) yields:

ρ(
∂u2

∂x
+
∂uv

∂y
) = ρu∞

du∞
dx

+
∂τxy
∂y

(26)

Integrate Eq. (26) normal to the wall from y=0 → y, with the boundary condition v = 0 at y = 0.

ρ

� y

0

∂u2

∂x
dy + ρ

� y

0

∂uv

∂y
dy = ρ

� y

0
u∞

du∞
dx

dy +

� y

0

∂τxy
∂y

dy (27)

Then,

ρ

� y

0

∂u2

∂x
dy + ρuv = ρ

du∞
dx

� y

0
u∞dy + τxy − τw (28)

or

ρ

� y

0

∂u2

∂x
dy + ρu

� y

0

∂v

∂y
dy = ρ

du∞
dx

� y

0
u∞dy + τxy − τw (29)
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Integrating the continuity equation Eq.(25) and substituting it to Eq.(29) gives,

ρ

� y

0

∂u2

∂x
dy − ρu

� y

0

∂u

∂x
dy − ρdu∞

dx

� y

0
u∞dy − τxy + τw = 0 (30)

Use the following relation:

−ρ∂uu∞
∂x

+ ρu∞
∂u

∂x
+ ρu

du∞
dx

= 0 (31)

Integrating Eq.(31) and combining it with Eq.(30) yields:

ρ
∂

∂x

� y

0
(u2 − uu∞)dy + ρ(u∞ − u)

� y

0

∂u

∂x
dy + ρ

du∞
dx

� y

0
(u− u∞)dy − τxy + τw = 0 (32)

Let y → ∞, then τxy → 0, u→ u∞. Eq. (32) becomes:

ρ
d

dx

� ∞
0

u(u∞ − u)dy + ρ
du∞
dx

� ∞
0

(u∞ − u)dy − τw = 0 (33)

This is the momentum-integral equation of Karmann. Use the definition of displacement thickness δ∗:

u∞δ
∗ =

� ∞
0

(u∞ − u)dy (34)

and momentum thickness θ:

u2∞θ =

� ∞
0

u(u∞ − u)dy (35)

Eq. (33) becomes:

τw = ρ
d

dx
u2∞θ + ρu∞δ

∗du∞
dx

(36)

This is the turbulent wall jet integral momentum equation given by Coles [43].
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